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PREFACE. 


O F all the works of gntiquity which have 
been tranrmitted to the prefent times, none 
are more univerfally and defervedly. efteemed 
than the Elements of Geometry which go 
tinder the name of Euqlid. In many other 
branches of fcience the moderns have far 
furpaffed their mafters ; biit, after a lapfe of 
more than two thoufand years, this per- 
formance ftiU maintains its original pre- 
eminence, and has even acquired additional 
celebrity from the fruitlefs attempts which 
have been nuade to cftablifh a different 
iyftem . 

It is, however, generally allowed, that thq 
Elements, as they now ftand, are attended 
with many difficulties, which greatly retard 
the progrefs of learners, on their firft en- 
trance upon this ftudy, and prevent them 
from applying to other branches of know- 
ledge, which, in the prefent advanced ftate 
of the fciences, are equally ufeful and ini- 
portant. Among other obftacles of this kind 
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may be mentioned the theory of parallel lines, 
the doSrine of proportion, and many things 
in the eleventh and twelfth books, relating to 
folids, yrhich are ufually found extremely 
embarraffing -, and notwithftandmg the num- 
berlefs efforts which have been made to eluci- 
date and explain them, are (till liable to many 
objections. 

On this account, it has been found necef- 
fary, in moft of our academical inftitutions, 
to have recourfe tofome of the more com- 
pendious rudiments of later writers, who, 
by means of a different arrangement, have 
endeavoured to new-model the fubje<a, and 
to render it lefs complex and elaborate- But 
the greater part of them are fo ill digefted 
that they ferve rather to miflead the learner 
than to afford him any afliftance. ^ For, be- 
fides being deficient in order and method, 
fome of thefe authors have treated the fub- 
je6t algebraically j and others,' by intro- 
ducing a number of exceptionable principles, 
and a vague unfatisfa6tory mode of demon- 
ftration, have degraded the fcience, and de- 
prived it of fome of its moft ftriking ad- 
vantages. 

It 


PREFACE. V 

It is, therefore, thedefign of the following 
performance, to obviate thefe objedions, and 
to render the fubjeS more familiar and per- 
ipicuousy without weakening its evidence, or 
deftroying its elegance and fimplicity. For 
this purpofe, many propofitiorts in.EucnD» 
which are of little or no ufe in their appli- 
cation, and were only introduced into the 
Elements as neceffary links in the chdn of 
reafbning, are here omitted ; and others fub- 
flituted in their place, which are equally con- 
ducive to that end^ and at the fame time 
^more ufeful and concife. By this means all 
the moft eflential principles of the fcience 
have been brought into a ftiorter compafs, 
and the demonftrations, which lead to its 
fublimer truths, fo continued, as to render 
their conneiftion as obvious and comprehen- 
five as poffible. 

Great care has alfo been taken to preferve 
that methodical precifion and rigour of proof, 
which, in treating of this fubjedl, are requi- 
fitcs of nearly equal importance with the 
fcience itfelf. For independently of its other 
advantages^ Geometry has always been con-f 
iidered as an excellent lo^c, which in forin* 
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ing the mind, and eftablifhing a habit of 
clofe thinking and juft reafdning, in every eii^ 
quiry after truth, is far fuperior to all the 
dialeftical precepts that have yet be^n in- 
vented ; the fimplicity of its fir ft principles 9 
the clearnefs and certainty of its demonftra- 
tions ; the regular concatenation of its parts ; 
and the univerfality of its application being 
fuch as no other fubjed can boafl:^ 

For thefe reafons, it was judged neceflary 
to adhere as clofely as poflible to the plan of 
the original Elements ; this being, in many 
refpefts, much more natural and judicious 
than any of thofe which have fince been pro- 
pofed by other writers. But as the work was 
rather defigned as a regular Inftitution of the 
moft ufeful principles of the fcience, than 
a ftridl abridgment of Euclid, fome aU 
terations have been made, both in the ar- 
rangement of the propofitions and the mode 
of , demonftration ; the latter of which, ir> 
particular. It is prefumed, will be found 
confiderably improved, being here delivered 
in a more convenient form, and rendered as 
clear and explicit as the nature of the fub-? 
jeft would admit* 
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In the firil fix books, every thing has been 
demonflrated with a fcrupulous accuracy j 
and it was at firft defigned that the fame, 
method fhould have been obferved through- 
out ; but this, in treating of the folids, was 
found incompatible with the plan of the 
work, it being here fcarcely poflible to fol- 
low the ftri6l principles of Euclid without 
becoming prolix and obfcure. It was there- 
fore thought proper, in this part of the per- 
formance, to adopt a mode of proof, which 
though not geometrically exa61:, is far more 
perfpicuous than the former, and equally 
fatisfadlory and convincing to the mind ; 
efpecially in the way it is here given, which 
is fomething lefs exceptionable than that of 
Cavalerius, by whom it was firft intro- 
duced. 

Many other particulars might be mention- 
ed, in which this performance will be found 
to differ from moft others of the like nature ; 
but as they confift chiefly of improvements 
and emendations which are too obvious to 
efcape the notice of the reader, any further 
account of them would be unneceflary. It 
is fufficient to obferve that much time and 

attention 
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attention have been beftowcd upon the work ; 
and that nothing which was judged eflential 
to the fcience, or ufeful in facilitating its at- 
tainment, has been omitted. The acknow- 
ledged intricacy of fome propolitions in the 
fifth and fixth books, made it neceffaiy to 
abridge that part of the fubjeft more confider- 
ably than the former ; but it is conceived that 
what is here given will be fully fufficient to 
anfwer all the purpofes of the learner. 

To avoid critical objedtions were a vain 
endeavour : they may be made againft every 
lyftem of Geometry now extant 5 and ,to 
Euclid as well as to other writers. Of this 
abundant proofs are given by the Commen- 
tators 5 and in the Notes at the end of the 
prefent work, where many things of this kind 
are pointed out which have hitherto efcaped 
notice. Thefe were added chiefly for the 
information of young ftudents, and ought 
to be carefully confulted by thole who wifti 
to obtain a juft idea of the fcience, and the 
principles upon which it is founded. 
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DEFINITipNS. 

1. A Solid U that which has length,' breadth and 
thicknets. 
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2. A Superficies is one of the bounds of a folid, and 
has length and breadth without thicknefs# 


3. A Line is one of the bounds of a Superficies, and 
has length without breadth or thicknefs. 


4. A Point is. one of the extremities of a line, and has 
neither length, breadth, nor thicknefs. 

5. A right line is that which has all its parts lying \a 
the fam^ direction * 
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6. A. plane fupcrficies is that which is everywhere 
perfe^y flat and even. 


7. A plane reftilineal angle is the inclination or c^cn 
ing of two right lines which meet in a point. 



8. One right line is faid to be perpendicular to ano- 
ther, when it makes the angles on both fides of it equal 
to each other. 


9. A right angle is that which is made by two right 
lines that are perpendicular to each other. 


10. An obtufe angle is that which is greater than a 
right angle. 


IT. An acute angle is that which is lefs than a right 
angle.; 



12. A 
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12. A figure is that which is inclofed by one or more 
boundaries. 

13. A circle is a plane figure, contained by one line, 
called the- circumference, which is every where equally 
diftant from a point within the figure, called the centre. 



14. Re£Hlineal figures are thofe which are contained 
by right lines. 

15. All plane figures, bounded by three right lines, are 
called triangles. 

16. An equilateral triangle, is that which has all its 
fides equal to each other. 



17. An ifofceles triangle, is that which has only two 
of its fides equal to each other. 


18. A right-angled triangle, is that which has one 
right angle ; the fide which is oppofite to the right angle 
being called the hypotenufe. 
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IQ. An obtufe-angled triangle, is that which has one 
ebtufe angle. 



20. Parallel right lines are fuch as are in the famie plane, 
and which, being produced ever fo far both ways, will 
never meet. 


21. Every plane figure, bounded by four right lines, 
is called a quadrangle, or quadrilateral. 

22. A parallelogram, is a quadrangle whofe oppofite 
fides are parallel. 


z 


^3. The diagonal of a quadrangle, is a right line join- 
log any two of its oppofite angles. , 



24* The bafe of any figure is that fide upon which 
it is fuppofed to ftand j and the vertical angle is that which 
is oppofite to the bafe. 
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Note, When an angle is exprefled by means of thre^ 
letters, the one which- ftands at the angular point, muft 
always be placed in the middle. 
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POSTULATES. 


1. Let it be granted that a right line may be drawn 
from any one given point to another. 

2. That a terminated right line, may be produced to 
any length in a right line. 

3. That a circle may be defcribed from any pbint as a 
centre, at any diftance from that centre. 

4. And that a right line, which meets one of two 
parallel right lines, may be produced till it meets the 
other. 


AX I O M S. 

1. Things which are equal to the fame thing are equal 
to each other^ 

2. If equals be added to equab the wholes will be 
equal. 

3* If equals be taken fron^i equals the remainders will 
be equal. 

^ 4. If equals be added to unequals the wholes will be 
ttnequal. ;^ 
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5. If equals be taken from unequals the remainders wilt 
be unequa!. 

6. Things which are double of the fame thing arc equal 
to each other, 

7. Things which are halves of the fame thing are equal 
to each other, 

8. The wjiole is equal to. all its parts taken together. 

9. Magnitudes which coincide, or fill the fame fpacc, 
are equal to each other. 

Remarks. 

A Proposition, is fomething which is either pro- 
'pofed to be done, or to be demonftrated. . 

A Problem, is fomething which is propofed to be 
done. 

A Theorem, is fomething which is propofed to be 
demonftrated. 

A Lemma, is fomething which is previoufly dcmon»- 
flrated, in order to render what follows more eafy. 

A Corollary, is a confcquent truth, gained from 
fome preceding truth, or demonftration. 

A Scholium, is a remark or obfervation made upon 
fomething going before it* • 
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PROPOSITION I. Problem. 

Upon a given finite right line to de- 
fcribe an equilateral triangle. 



Let AB be the given right line ;.it is x'equired to de- 
fcribe an equilateral triangle upon it. 

From the point a, at the difiance >vB,,deicl'^e the 
circle bcd {Pof. 3.) - * ' ,, 

And from the point b, at the diftance ba, Jdfcribe the 
circle ace {Pof, 3.) 

Then, becaufe the two circles pafs through each other's 
centres, they will cut ea^h other. 

And, if the right lines c a, cb be' drawn from the point 
of interfe£tion c, ^abc will be the equilateral triangle re- 
quired. 

For, fince a is the centre of the circle bcd, ac is 
equal to ab {Def. 13.) 

And, becaufe b is the centre of the circle ace, bc is 
alfo equal to ab {Def, 13.) 

But things which are equal to the fame thing are equal 
to each other {Ax. i)\ therefore ac is equal to cb. 

And, iince ac^ cb are equal to each other, as well as 
^to ab, the triangle, abc is equilateral ; and it is defcribed 
upon the right line ab, as was to be done* 
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PROP. IL Problem. 

From a given point to draw a right liiic 
equal to a given finite right line. ' 



Let A be the given point, and bc the given right line ; 
it is required to draw a right line from the point a, that 
fhall be equal to bc. * 

Join the points a, b, (Po/* i.) ; and upon ba defcribe 
the equilateral triangle bad (Prop, i.) 

From the point b, at the diftance bc, defcribe the cir« 
cle CEF (Pof, 3.) cutting db produced in f. 

And from the point d, at the diftance df, defcribe the 
circle fhg {Pof. 3.), cutting da produced in c, and 
AG will be equal to bc, as was required. 

For, finipe b is the centre of the circle cef, bc is 
equal to BF (-D^. 13.) 

And, becaufe d is the centre of the circle fhg, dg is 
equal to DF {Def, 13.) 

But the part da is alfo equal to the part db {Def, 16. )> 
whence the remainder ag will be equal to the remainder 

BF [yfx. 30- 

And fmce ag, bc have been each proved to be equal 
^o BFj AG will alfo be equal to bc {^x, i.) 

A right line ag, has, therefore, been drawn from the 
point A> equal to the right line bc^ as was to be done. 
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Scholium. Wheh the point a is at one of the ex- 
tremities B, of the given line bc, any right line, drawn 
from that point to the circumference of the circle C£F, 
will be the one required. 

PROP. III. Problem. 

From the greater of two given right lines, 
to cut off a part equal to the lefs. 



Let AB and c be the two given right lines j it is re-. 
quired to cut off a part from ab, the greater, equal to c 
the lefs. 

From the point a draw the right line ad equal to 
c {Prop, 2.) ; and from the centre a, at the diftancc 
AD, defcribe the circle PEF {Pof. 3.) cutting ab in £, 
and ae will be equal to c as was required. 

For, fmce a is the centre of the circle edf, ae will 
be equal to ad {Def, 13.) 

But c is equal to ad, by conftru£lion ; therefore a« 
will alfo be equal to c {Jx. i.) 

Whence, from ab, the greater of the two given lines, 
there has been taken a part equal to c the lefs, which 
was to be done. 

Scholium. When the two given lines are fo iitu- 
3ted, that one of the extremities of c falls in the point 
A, the former part of the conftrudion becomes un- 
Tjcccffary. 

PROP. 
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, PROP. IV.. Theorem. 

If two fides and the included angle of one 
triangle, be equal to two fides and the in- 
eluded ajigle of another, each to each, the 
triangles will be equal in all refpefts. 


AL 



_Sb d 



Let ABC, DEF be two triangles, having ca equal to 
FD, CB to FE, and the angle c to the angle f j then will 
the two triangles be equal in all refpedls. 

For conceive the triangle abc to be applied to tbe 
triangle def, fo that the point c may coincide with the 
point F, and the fide ca with the fide fd. 

Then, becaufe c A coincides with fd, and the angle 
c is equal to the angle f {by Hyp,), the fide cb will alfo 
coincide with the fide fe. 

And, fince ca is equal to fd, and CB to fe [by Hyp.), 
the point a will fall upon the point d, and the point b 
upon the point £. , 

But right lines, which have the fame extremities, muft 
coincide, or otherwife their parts would not lie in the 
fame direftion, which is abfurd [Def.'^,)-, therefore ab 
falls upon, and is equal to de. 

And, becaufe the triangle abc is coincident with the 
triangle def, the angle a will be equal to the angle d, 
the angle b to the angle £, and the two triangles will be 

equal in all reipeds (Ax. o.) Q. £• D. 

PROP- 
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PROP. V. Theorem.. 

The angles at the bafe of an ifofceles tri- 
angle are equal to each other* 



Let ABC be an ifofceles triangle, having the fide ca 
equal to the fide cb ; then will the angle cab be equal to 
the angle cba. 

For, in ca a;id cb produced, take any two equal parts 
CD, CE (Prop* 3), and join the ix)ints ae, bd: 

Then, becaufe the two fides ca, ce of the triangle 
CAE, are equal to the two fides cb, cd of the triangle 
CBD, and the angle c is common, the ftde ae will alfa 
be equal td the fide bd, the angle cae to the angle cbd,- 
and the angle d to the angle e {Prop, 4.) 

And fince the whole CD is equal to. the whole CE (by 
Con/1.) J and the part ca to the part cb {by Hyp.), the 
remaining part ad will alfo be equal to the remaining 
part BE {Ax. 3.) 

The two fides da, db, of the triangle dab, being, 
therefore, . equal to the two fides eb, e a of the triangle 
cba, and the angle d to the angle e, the angle abd will 
alfo be equal to the angle bae {Prop. .^.) 

An4 if from the equal angles ca£, cbd, there be 
taken the equal angles bae, abd, the remaining angle 

CAB 
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CAB will be equal to the remaining angle cba {Ax* 3,) 
Qi E. D. . 

Corollary. Every equilateral triangle is alfo equi* 
angular. 

PROP. VI. Theorem. 

If two angles of a triangle be equal to 
each other, the fides which are oppofite to 
them will alfo be equal. 



Let ABC be a triangle, having the angle ca!b equal 
to the angle cba; then v^ill the fide ca be equal to the 
fide CB. 

For if c A be not equal to cb, one of them mu{^be 
greater than the other \ let ca be the greater, and make 
Ap equal to bc {Prop* 3.), and join bd. 

Then, becaufe the two fides ad, ab, of the triangle 
adb, are equal to the two fides bc, ba, of the triangle 
ACB, and the angle dab is equal to the angle cba {by 
Hyp.)j the triangle adb will be equal to the triangle 
ACB {Prop. 4. ), the lefs to the greater, which is abfurd. 

The fide ca, therefore, cannot be greater than the 
fide CB ; and, in ' the fame manner, it may be fhewn 
that it cannot be lefs; confequently they are equal to 
eadh other. Q.- E. D. 

CoROL* Every equiangular triangle is alio equi« 
lateral. 

PROP. 
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\ PRO P. VII. Theorem. 

If the three fides of one triangle be equal 
to the three fides of another, each to each, 
the angles which are oppofite to the equal 
fides will alfo be equal. 



B S 



Let ABC, DEF be two triangles, having the fide A^ 
equal to the fide de, ac to df, and bc to ef ; then 
will the angle acb be equal to the angle dfe, bag to 
£df, and abc to def. 

For, let the triangle dfe be applied to the triangle 
ACB, fo that their longeft fides, de, ab, may coincide, 
and the point F fall at g ; and join cg. 

Then, fince the fide ac is equal to the fide nlF, or 
AG {by Hyp.)^ the angle acg will be equal to the angle 
AGC {Prep. 5.) 

And, becaufe the fide bc is equal to the fide ef, or 
BG {by Hyp,) J the angle scg will be equal to the angle 
BCC {Prop. 5.) 

But fince the angles acq, bcg are equal to the angles 
AOC, BGC, each to each, the whole angle acb will be 
equal to the whole angle agb {Ax, 8.) 

And, becaufe ac is equal to AG, BC to bg, and the 
angle acb to the angle agb, the angle cab will, alfo, 

bc 
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be equal to the angle gab, and the angle abc to the 
angle abg {Prop. 4.) . 

But the triangles agb, dfe, are identical; confe- 
quently the angles of the triangle dF£ will, alfo, be 
equal to the correfponding angles of , the triangle acb. 
Q: E. D. 


PROP. VIII. Theore^^. 

V 

All right angles are equal to each other. 



Let ABC, DEF be each of them right angles ; tbea 
will ABC be equal to 0£P. 

For conceive the angle def to be applied to the angle 
ABC, fo that the point e may coincide with the point b, 
and the line ed with the line b a. 

And if EF does not coincide with bc, let it fall, if 
poffible, without the angle abc, in the direction bg; 
and produce ab to h. 

Then, becaufe the angles abc, abg are right angles 
{ly Hyp')i the lines cb, qb will be each perpendicular 
to AH {Def. 8. 9.) 

And, fmce a right line which is perpendicular to anor- 
ther right line, makes the angles on each fide of it equal 
{Def. 8.)> ^be angle cba will be equal to the angle cbh, 
and the angle gba to the angle gbh. 

But the angle gba is greater than the angle cba, or 
its equal gbh ; confequently the angle gbh is alfo gri^ater 
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than the angle cbh ; that is, a part is greater than the 
whole, which is abfurd. 

The line ef, therefore, does not fall without the angle 
ABC; and in the fame, manner it may be fhewn that it 
does not fall within it ; confequently ef and bc will co-9 
incide, and the angle def be equal to the angle abc, as 
was to be fhewn. 

PROP. IX. Problem. 

To bifedt a given redilineal angle, that is, 
to divide it into two equal parts. 



Let BAG be the given redilineal angle ; it is required 
to divide it into two equal parts. 

Take any point d in ab, and from ac cut ofF ae 
equal to ad {Prop. 3.), and join de. 

Upon DE defcribe the equilateral triangle dfb {Prop. 
I,), and join AF j then will af bifeS the angle bac, as 
was required. 

For AD is equal to ae, by conftruflion ; df is alfo 
equal to fe {Dcf. i6.)j and af is common to each of 
the triangles afd, afe. 

But when the three fides of one triangle are equal to 
the three fides of another, each to each, the angles which 
are'oppofite to the equal fides are, alfo, equal {Prop. 7.) 

9 The 
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The fide df, therefore, being equal to the fide fe, the 
angle PAF will be equal to the angle fae ; and con- 
, fequently the angle bac is bifected by the right line af, 
, as was to be done. 

P KO y. X. Problem* 

To bifed a given finite right line, that is, 
to divide it into two equal parts. 



Let AC be the given right.line 9 it is required to divide 
It into two equal parts. 

Upon AC defcribe the equilateral triangle acb {Prop. 
1.), and bifeft the angle abc by the right line bi> 
{Prop. 9.) ; then will ac be divided into two equal parts 
at the point d, as was required. 

For AB is equal to bc {D^f* iSOj ^^ 'S common to 
e;ich of the triangles adb, cdb, and the angle' abd i& 
equal to the angle cbd {by Conft.) 

But when two fides and the included angle of one tri- 
angie, are equal to two fides and the included angle of ' 
another, each to each, their bafes will alfo be equal 
(P^.^4.) 

The bafe ad is, therefore, equal to the bafe dc j and, 
confequently, the right line AC is bifeQed in the point d, 
.as was to be done. 

^ R O P. 
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PROP. XL Problem. 

At a given point, in a given right linci 
to ere£t a perpendiGular* 


A-^ 



^A 


Let AB be the given I'ight line, and ti the gtveii point 
in it ; it is required to draw a right line, from the point 
!>, that fhall be perpendicular to ab, ^ 

Take any point £, in ab, and make df equal to de 
(Pr^. 3.), and upon £F defcribe the equilateral trian- 
gle ECF {Prop. I.) 

Join the points d, c ; an^ the riglit line CD will be 
perpendicular to ab, as was required. 

For CE is equal to cf (Def. 16)) £D to df (iy Confti\ 
and CD is common to each of the triangles ecd, fcd. 

The three fides of the triangle ecd beings therefore, 
equal to the three fides of the triangle fcd, each to each, 
the angle edc will, alfoj be equal to the angle fdc 
(Prop. 7.) 

But one right line is perpendicular to another when 
the angles on both fides of it are equal {Def, 8.) } tbere-^ 
fore CD is perpendicular to ab i and it is drawn from tho 
point D as was to be done. 

Scholium. If the given point be at, or near, the end 
of AB, the line mufi be produced. 

C PROP. 
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PROP, XIL Ppoblem. 

To dra^ a* light line perpendicular to a 
given right line, of an unlimited length, 
from a given point w^ithout it. 



w^ 


"Let AB be the given right line, amd c the given pointy 
It is required to draw a right Irne- from the point c, 
that (hall be perpendicular to ab. 

Take any point r>ihi ab, and from that point, with 
the diftance DC, defcribe the circle cge, cutting Aa 
in G. 

Join Gc, and from the point g, with the diftance gc, 
defcribe the circle « E tw, cutting the former in E. 

Through the points c, £ draw the right line cfe, cut- 
•ting AB in F, ^nd OF will be perpendicular to ab, as 
was required. , 

For, join the points d,c, d,e, and'G,E : 

Then, becaufe DC is equal to de, gc to ge {Def. 13.) 

and dg common to each of the triangles dog, dec, 

the angle cdg will be equal to the angle gde {Prop. 7.) 

' Atid, fince dc i^ equal to de, df common to each 

of the triangles dcf, D£f, and the angle cdg equal 

8 to 
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to the ac^le ode, the ailgle 1>fc ivill alfo be equal to the 
angle df£ {Prop, 4.) 

But one line is perpendicular to another when the angles 
on both fides of it are equal {Def. 8.) ; therefore cf is 
perpendicular to ab ; and it is drawn from the point c, 
as was to be 4one. 


PROP. XIII. Theorem. 

The angles which one right line makes 
with another, on the fame fide of it, are to- 
gether equal to two right angles. 


V 


D 


Let the right line ab fall upon the right line cd ; then 
will the angles abc, abd, taken together, be equal to 
two right angles. 

For if the angles abc, abd be equal to each other, 
they will be, each of them, right angles {Def. 8 and g.) 

But if they be unequal, let eb be drawn, from the 
point B, perpendicular to CD {Prop, 11.) 

Then, fince the angles ebc, ebd are right angles 
(Dff. 8.), and the angle ebd is equal to the angles eba, 
ABD (Jx. 8.), the angles ebc, eba and abd will be 
equal to two right angles. 


C z 


But 


* 


] 
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But the angles ebc, £ba are, together, equal to the 
angle abc {Jx. 8.) ; confequently the angles abc, abd 
are, alfo, equal to two right angles. Q^ £. D. 

CoROLL. All the angles which can be mad^, at any 
{>otnt B, on the fame fide of (he right line cd, are, to» 
getber, equal to two right angles. 

PROP. XlV. Theorem. 

If a right line meet two other right lines, 

in the fame point, and make the angles on 

each fide of it together equal to. two right 

. angles, thofe lines will form one continued 

right line. 



Let the right line ab meet the two right lines cb, bd, 
at the point b, and make the angles abc, abd together 
«qual to two right angles, then will bd be in the fame 
right line with cb. 

For, if it be not, let fome other line be be in the fame 
right line with cb. 

Then, becaufe the right line ab falls upon the right 
Hne CB£, the angles abc, abe, taken together, are equal 
to two right angles {Prop. 13.) 

But the angles abc, abd are alfo equal to two right 
angles {by Hyp.) i confequently the angleis abc, abb ar« 
equal to the angles abc, abd, 

Andy 


I 
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And) if the angle abc, which is common, be taken 
away, the remaining angle abe will be equal to the re* 
maintng angle abD ; the lefs to the greater, which is 
abfurd. 

The line be, therefore, is not in the fame right line 
vith CB ; and the fame may be proved of any other line 
but BD ; confequently cbd is one continued right line, as 
was to be fbewn. 


PROP. XV. Thbgrem, 

If two right lines interfcdt each other, the 
oppoflte angles will be equal. 



Let the two right lines ab, cd interfef): each other in 
the point Ej then will the angle aec be equal to the 
angle deb, and the angle aed to the angle ceb. 

For, fmce the righ^ line xe falls upon the right line 
AB, the angles aec, ceb, taken together, are equal to 
two^ight angles (-Pr^^. 13O 

And, becaufe the right line be falls upon the right 
line CD, the angles bed, cbb, taken together, are alfo 
equal to two right angles {Prop. 13.) 

The angles aec, ceb, taken together, are, therefore, 
e^ual to tbaangles bed, ceb taken together (jfx. i.} 

C 3 And, 
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Andi if the angle ceb, which is commbh^^be taken 
away, the remaining angle aec will be equal tp the re- 
maining angle bed {Ax. 3.) \ / 

And, in the fame manner, it may be (hewn that th^ 
angle AED is equal to the angle ceb; Q. E. D. 

CoROLL. All the angles made by any number of 
right lines, meeting xvi a point, are togetbei* ec^ual to 

four right angles* 


PROP. XVI. Theorem- 

If one fide of a triangle be produced, the 
outward angle will* be greater than either of 
the inward pppofite angles. .^ 



Let ABC be a triangle, havihg the Mt ab' pr^dduced 
to D ; then will the outward angle cbd be greater than 
either of the inward oppofite angles bag or acb. 

For, bifeft bc in e {Prop. 10^), and }oin- ae ; in 
which, produced, take ef equal to ae {Prop'. 3.), and 
JQin BF. 

Then, fince ae is equal to ep. Eg to eb {by conft.)^ 
^nd the angle aeg to the angle bef {Prop. 15.), die 
angle ace will? alfo, be equal to the angle ebf {Prop. 4.) 

But 


••''*•) 
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But the angle cbd is greater than the angle ebf ; conr 
fcquently it is alfo greatei; than the angle ace. 

And, if CB be produced to g, and ab be bifefted, it 
may be {hewn, in like manner, th^t the angle abc^ pr 
its equal cbd, is greater than cab. Q4 E. D. 


PROP. XVir. Theore 


Hi 


The greater fide of every triangle is oppo- 
fite to the greater angle ; and the greater 
angle to the greater fide. 



i> B 


Let ABC be a triangle, having the fide ab greater than 
the fide ac ; then will the angle acb be greater than the 
angle abc. 

For, fince ab is greater than ac, let ad be taken equal- 
to ac [Prof, 3.), and join cd. 

Then, fince cdb is a triangle, the outward angle adc 
is greater than the inward oppofite angle PBC [Prop. 16.) 

But the angle acd is equal to the angle adc^ becaufe 
AC is equal to ad; confequently the angle acd is, aUb, 
greater than dbc or abc. 

And, fince acd is only a part of acb,. the whole an- 
gle ACB muft be much gceater than the angle abc. 

Again, let the angle acb be greater than the angl& 
ABC, then will the fide ab be greater than the fide ac. 

C 4 For 
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For, if AB be not greater than ac, it maft be <itber 
equal or lefs. 

But it cannot be eaual, for then the angle acb would 
be equal to the angle abc {Prop. 5.), which it is not. 

Neither cap it be lefs, for then the angle acb would bfs 
Jcfs than the angle abc {Prop, 17.), which it is not. 

The fide ab, therefore, iSu neither equal to ac, no|r 
|efs than it; confequently it muft be gr^at^r. Q. £. D^ 

P R DP. XVIII. Theorem, 

Any two fides of a triangle, taken tpge- 
jher, are greater than the third fide. 



ft , 

Let abc be a triangle ; then will any two fides of it^ 
taken together, be greater than the third fide. 

For, in ac produced, take cd equal to cb {Prop. 3.), 
and join bd. 

Then, becaufe cD is equal to cb {hy con/i.)j the angle 
CDB will be equal to the angle cbd {Prop. 5.) 

But the angle abd is greater than the angle cbd, 
confequently it muft alfo be greater than the angle adb. 

And, fince the greater fide of every trtangle, is op- 
pofite to the greater angle {Prop, 17.), the fide ad U 
greater than the fide ab. 

But AD is equal to AC and cb taken together {by 
^$nji.) 5 therefore ac, cb arc alfo greater than ab. 

And. 
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And, in the fame manner. It may be ihewn, that any 
^ther two fides, taken together, are greater than tlM 
jhird fide. Q. E. D, 


PROP. XIX. Peoblem, 

To defcribe a triangle, whofe fides fliall 
be equal to three given right lines, provided 
any two of them, taken together, be greatcf 
than the third. 



Let A, B, c be the three given right lines, any two of 
whic^, taken together, are greater than the third ; it i% 
required to make a triangle whofe fides (hall bp equal to 
A, B, c refpeftively. 

Draw any right line dg \ on which take be equal to a, 
EF equal to b, and fg equal to c {Prop. 3.) 

From the point £, with the diftance £ d, defcribe the 
circle KHt>, cutting dg in K ; and from the point f, 
with the diftance fg, defcribe the circle ghl, cutting 
DG in L. 

Then, becaufe eg is greater than ed [by Hyp.), or 
its equal ek, the point o, which is in the circumference 
of the circle ghl, will fall without the circle khd. 

And, becaufe fd is greater than fg (by Hyp.)^ or its • 
equal Ff, fhe point d, which is in the circumference 
or the circle khd, v^iU fall without the circle ghl. 

But 
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But fiiicc a part of the circle ghl falls without the 
circle khd, apd a part of the circle khd falls without 
the circle ghl, neither of the circles can be included with- 
in the other. 

Again, becauie de^ VGy or their equals £k, fl are, 
together, greater than ef (^By Hyp,)^ the two circles can 
neither touch nor fall wholly without each other. 

They muft, therefore,, cut one another, in fome point 
H ; and if the right lines eh, fh be drawn, ehf will 
be the triangle required. 

For, fince E is the centre of the circle khd, eh is 
equal to ed {Def. 13.) 5 but ed is. equal to A {by Con/}.)-^ 
therefore eh is-alfo equal to A. 

And, becaufe f is the centre of the circle ghl, fh 
is equal to FG {Def, 13.); but fg is equal to c {by 
Conji,) ; therefore fh is alfo equal to c. 

And fince ef is, llkewife, equal to- b {hy Gonji.), the 
three fides of the triangle ehf are refpeitively equal to 
the three given lines a, b, c, which was to be ihewn. 


PROP. 
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PROP. XX. Problem. 


At a given point, in a given right line, 
to make' a rectilineal angie equal' ta a given 


re<3:ilineal angle. 






Let DE be the given right line, d the given point, and 
BAC the given redilineal angle ; it is required to make aa 
angle at the point d that Ihall be equal to bac. 

Take any point F in'AB, and from the point a, at the 
diftance af, defcribe the circle fq^, cutting AC in g ; 
and join fg. 

Make dk equal to af, and ke equal to fo [Pn^. 3) 5 
and from the points d, k, at the diftances dk, ke, de-* 
fcribe the circles Kir and wtW, cutting each other in l. 

Through the points d, l draw the right line dn, and 
the angle edn wlU be 6qual to bac, as was required. 

For, join kl : then fince AG is equal to af {Def. 13, ), 
and AF is equal to pk {by Cm^.)^ aq will alfo be equal 

t<> DK {Ax. I.) 

But DK IS equal to dl {Def. 13,) 5 co)ifei(|uently ao 
is alfo equal to Di< {Ax. i.) 3 and fg is equal to ke or 
KL {by Conft.) 

The three fides of the triangle dkl are, therefore^ 
equal to the three fides of the triangle afg, each Co eskrh ^ 

whence 
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whence the angle kdl is equal to the angle fag, or bac 
{Prop. 7.) J and it is made at the point d, as was to 
be done. 


PROP. XXL Theorem. 

♦ 
If two triangles be mutually equiangular, 

and have two correfponding fides equal to 

each other, the other correfponding fides 

will alfo be equal, and the two triangles will 

be equal in all refpefts. 




Let the triangles abc, def be* mutually equiangular, 
and have the fide ab equal to the fide de ; then will the 
fide AC be alfo equal to the fide pf, the fide bc to the 
fide £F, and the two triangles will be equal in all refpeiSiis. 
. For, if AC be not equal to df, one of them muft be 
greater than the other i let ac be the greater, and makQ 
AG equal to df (Prop. 3,) ; and join bg. 

Then, fince the two fides ab, ag, are equal to the 
two fides DE, DF, each to each, and the angle gab is 
equal to the angle fbe {by Hyp.)^ the angle abg will, 
alfo, be equal to the angle pef {Prop. 4,) 

But the angle def is equal to the angle aBiiC {hyHyp.)i 
confequently the angle abg will, alfo, be equal to the 
angle abc, the lefs to the greater:, which is abfurd. 

9 The 
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The fide ac, therefore, cannot be greater than the fide 
BF ; and, in the fame manner, it may be ftewn that it 
cannot be lefs ; confequently It muft be equal to it« 

And, fince the two fides ac, ab, are equal to the two 
fides DF, DE, each to each, and the angle cab is equal 
to the angle fde, the fide bc will alfo be equal to the 
fide EF, and the two triangles will be equal in all re* 
fpe<as {Prop. 4.) Q.E. D. 

PROP. XXII. Theorem, 

If a right line interfeft two other right 
linesy and make the alternate angles equal to 
each other^ thofe lines will be parallel* 



Let the right line ef interfe<St the two right lines ab, 
CD, and make the alternate angles aef, £FD equal to 
each other ; then will ab be parallel to cd* 

For, if they be not parallel, let them be produced, and 
diey will g:ieet each other, either on the fide ac, or on the 
fide BD {Def. 20.) 

Supppfe them to meet in the point o, on the fide bd« 

Then, fince fge is a triangle, the outward angle aef 
is greater than the inward oppofice angle efo {Prep^ l6*) 

^ But 
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Bi|t the angle?, aef> efd, are equal to each pUjcr {iy 
Hyp.) J whence they are equal and unequal at the -fame 
time, which is abfurd. 

The lines ab, co, therefore, cannot meet on the fide 
.jj.D ; and., in the fame manner, it may be (hewn that theg^ 
cannot meet on the fide AC ; confequently they m'uft be 
par^lel to. each other {Def. 20,) Q..E. D. 

C0R0L.L. Right lines whjch are perpendicular to the 
feme right line are parallel to each other. 

V 
PROP. XXIII. Theorem. 

If a right line interfeft two other right 
lines, and make the outward angle equal to 
the inward oppofite one, on the fame fide ; 
or the two inward angles, on the fame fide, 
together e)aual to two right angles, thofe 
lines will bej>arallel. ■ 



Let the right line ef interfe£i the two right lines ab, 
CD, and make the outward angle egb equal to the in- 
ward angle GHD; or the two inward angles boh, ghd 
together equal to two right angles; then will af be pa- 
rallel to CD, , * 

For, 
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iFiH", fince the angles ,£Ga, ghd are equal to each other 
(Jpf Hyp.)j and .the angles agh, egb are alfo equal to 
each other {Prop. 15O9 the angle agh will be equal to 
the angle GHO {Jx.J.) 

But when a right line interfeds two other right lines, 
and makes the alternate angles ^qual to each other, thofe 
lines will benaraUcl {'Prop. 22.) j therefore ab is parallel 

to CD.. 

Again, fince the angles bgh, ghd are, together, equal 
to.two right angles {J^y Ifyp.% anfl agh, bgh are, alfo, 
equal to two right angles {Prop. 13.), the angles agh, 
bgh will be equal to the angles bgh, ghd {Jx, i.) 

And, if the common angle bgh be taken away, the 
remaining angle agh will be equal to the remaining an- v 
gle ghd (Jx. 2') 

But thcfe are alternate angles ; therefore, in this cafe, 
' AB will, alfo, be parallel to cd {Prop. 22.) Q. £. D. 

PROP. XXiV. Theorem. 

If a right line interfeft two parallel right 
lines, it will make the alternate angles equal 
to each other^ 



Let the right line if interfeft the two parallel right 
lines AB, CD ; then will the angle aef be equal to the 
alternate angle £FD. 

For 
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For' if they be not equal, one of them muft be greater 
than the other ; let efd be the greater; and make the 
angle efb equal to aef {Prop. 20.) 

Then,' fmce ab, cb are parallel, the right line fb^ 
which interfe^b cD, being produced, will m^et ab in 
fome point B (Pof.^.) 

And, fince efb is a triangle, the outward angle aef 
will be greater than the inward oppofite angle ' efb 
{Prop. 16.)" 

But the angles aef, efb are equal to each other (by 
Can/i.) whence they are equal and unequal, at the fame 
time, which is abfurd. 

The angle EFD, therefore, is not greater than the angle 
AEF ; and, in the fame manner, it may be Ihewn that it 
is not lefs j confequently they muft be equal to each 
other. CL E. D. 

CoROLL. Right lines which are perpendicular to one 
of two parallel right lines, are alfo perpendicular to the 
other. 


N ' 
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PROP. XXV. T ri E o ft E Ai. 

> 

if a right line inter{b6l two parallel right 
lines, the outward angle will be equal to the 
inward dppofite one, on the fame fide ; and 
the two inward angles, on the fame fide, will 
be equal to two right angles. 



Let the right line ef interfefl: the two parallel right 
lines AB, CD ; then will the outward angle bob be equal 
to the inward bppofite angle ghd ; and the two inward 
angles bgh, ghd will be equal to two right angles. 

For, firicfi the right line ef interfe£b the two parallel 
right lines ab^ cd, the angle agh will be equal to the 
alternate angle .ghd {Prop. 24.) 

But the angle agh is equal to the oppofite angle egb 
{Prop. 15.) j therefore the angle egB will, alfoj be equal 
to the angle ghd. 

Again, fince the right line bg falls updn the right line 
SF, the angles egb, bgh, talren together, are equal* to 
two right angles {Prop. 13.) 

But the angle egb has been (hewn to be equal to the 
angle ghd ; therefore, the angles bgh, ghd, taken to- 
gether, willy alfo^ be equal to two right angles* Q. £^ D« 

D CoROLLf 
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CoiLOLL, If a right line interfeft two other right lines, 
and make the two inward angles, on the/ame fide, toge* 
ther lefs than two ri^ht angles, thofe lines^ being produced, 
will meet eaph other. 

PROP. XXVL Theorem. 

Right lines which are parallel to the fame 
right line, are parallel to each other. 



Let the right lines ab, cp be each of them parallel to 
£F, then will ab be parallel to CD. 

For^ draw any right line gk, cutting the lines ab, ef, 
CD, in the points g, h and .K. 

'^hen, becaufe ab is parallel to ef {by Hyp»)j and CH 
interfe£ts them^ the angle AGH is equal to the alternate 
angle ghf {Prop. 24.) 

And becaufe CD is parallel to ef {by Hyp.)^ and hk 
interfed^ them, the outward angle ghf is eqi^al to the 
inward angle hkd {Prop. 25.) 

But the angle aqh has been fhewn to be equal to the 
angle ghf ; therefore the angle agk is alfo equal to the 
angle gkd. 

And, fmce the right line gk interfe£^s the two right 
)ines AB, CD, and makes the angle agk equal to the 
alternate angle gkd, ab will be parallel to CD, as was 
to be flipwn, 

/ ^ P R O P. 
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PROP. XXVU. Problbmu 

Ttrqugh a given point, - to draw a right 
li^c parallel to a} given right line. 



k* r< 



Let AB be the given right line, and c the given point ; 
it is required to draw a right line through the point c that 
ihall be parallel to ab. \ 

Take any point d in ab^ and make de equal to DC 
{Prop* 3.) 5 and from the points c, e, with the diftances 
ci|, EDf deicribe the ajrcs rs^ nm. 

Then, fioce any two fi^os of the triangle ecp are, tp- 
gelbor, greater than the third fidie {Prop.xZ.)^ thofe arcs 
wiH ittte^feft e^ch other {Prof. 19.) 

Let them interf^S: at ? $ and through the points f, c, 
draw the Une qH,'2(Qd it will be parallel to ab, as was 
required. 

For, fince the fides cf, fe of the triangle efc are 
each equal to the fide cp, or db, of the triangle cde, i^by 
Confl.) and £C is common, the angle £CF will be equal 
to die angle ced {Pnp. 7.) 

But thefe are alternate angles ; therefore ch is parallel 
to AB {Prop. 24.) \ and it is drawa through the point c^ 
as was to be done. 
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PROP. XXVIIL Theorem. 

If one fide of a triangle be produced, the 
outward angle will be equal to the two in- 
ward oppofite angles, taken together; and 
the three angles of every triangle, taken to- 
gether^ are equal to two right angles. 



Let ABC be a triangle, having one of its fide$ ab pro- 
duced to D ; then will the outward angle ckd he equal to 
the two inward oppofite angles bca, cab, taken, toge- 
ther J and the three angles bca, cab andABC, taken to- 
gether, are equal to two right angles. 

For through the point b, draw the right line BE parallel 
to AC (Prop. 28.) 

Then, becaufe be is parallel to AC, and cb interieds 
them, the angle cb£ will be equal to the alternate an- 
gle BCA (Prop, 24.) 

And becaufe be is parallel to ac, and ad interfe^ts 
ihem, the outWard angle £bd will be equal to the inward 
angle cab (Pro^. 25.) 

But the angles CBE, £BO are equal to the whole angle 
CBD 'y .therefore the outward angle cbd is equal to the 
two inward oppofite angles bca, cab taken together. 

And 


BOOK" THE FIRST. 37 

And if, to thefe equals, there be added the angle ABt, 
the angles cbd, abc, taken together, will be equal to 
the three angles bca, cab and abc, taken together. 

But the angles cbd, abc, taken together, are equal to 
two right angles {Prop. 13.)* confequently the three an- 
gles BCA, cab and abc, taken together, are alfo equal 
to two right angles. 

CoROLL, X. If two angles of one triangle, be equal 
to two angles of another, each' to each, the remaining 
angles will alfo be equal. 

CoROLi.. 2. Any quadrilateral may be divided into 
two triangles; therefore all the four angles of fuch a 
figure, taken together, are eqi^al to four right angles. 

« 
PROP. XXIX. Theorem. 

Right lines joining the correfponding ex- 
tremes of two equal and parallel right lines 
are themfelves equal and parallel. 



Let AB, DC be two equal and parallel right lines \ then 
will the right lines ad, bc, which join the correfponding 
extremes of thofe lines, be alfo equal and parallel. 
For draw the diagonal, or right line ac : 
Then, becaufe ab is parallel tp dc, and ac interfe^ts 
them, the angle dca will be equal to the alternate angle 
€ab (Pr«!^. 24.) 

D 3 And 
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And, becaufe ab is equal to be f^by Hyp.), AC cbm- 
mon to each of the triangles abc, adc, and the angle dca 
equal to the angle cab, the fide ad ivill alfo be equal t<% 
the fide bc, and the angle dac to the angle acb (Pr^^. 4.) 

Since, therefore, the right line ac interfe£b the tw6 
right lines ad, bc, and makes the alternate angles equal 
to each other, thofe lines will be parallel (Prop^i^,) 

But the line ad has been proved to be equal to iheKne 
BC } coniequently they are both .equal and parallel* (^£. D» 

« 

PROP. XXX. Theorem. 

The oppofite fides and angles of any paral* 
lelogram are equal to each other^ and the 
diagonal, divides it into two equal parts* 



' Let ABCD be a parallelogram, whofe diagonal is ac ; 
then will its oppofite fides. and angles be equal to each 
other, and the diagonal ac will divide it into two equal 
parts^ 

For, iince the fide ap is parallel to the fide bc {Def. 
5t20> and the right line ac interfefls thera, the >ngle 
DAC will be equal to the alternate angle acb {Prcpi 24.) 

And, becaufe the fide dc is parallel to the fide ab 
{Def, 22^)9 and ac interfeAs them, the angle i>cA will 
be equal ta the alternate angle cab {Prop* 24.) 

Since, therefore, the two angles dac, dca, a^e<e^tial 
to the two angles acb, cab, each to each, ^ remtin-* 

in|; 
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ing angk aoc wiU alfo bt equal to die remsuning angle 
ABC {Prop. 29. Cor.) and the whole angle j>ab to the 
vrhole angle dcb. 

But, die triangles coa, abc, being mutually equito- 
gular^ and having ac common, die Ade DC-will alfo be 
equal to the fide ab, and the fide ad to the fide bc, and 
tiie two triangles will be equal in all sefpe£ls {Prop. 21 •) 

Qj K. D. 

PROP. XXXI. Theorem. 

# 

Parallelograms^ and triangles^Aandl tig upon 
the fame bafe, and between the fame parallels, 
are equal to each other* 



Let AE, BD be two parallelograms ftanding upon the 
fame bafe ab, and between the fame parallels ab, x>e ; 
dien will the parallelogram ae be equal to the parallelo- 
gram BO. 

For, fince ad is parallel to bc {Def. 22.)) ^nd bs in- 
terfefts them, the outward angle ecb will be equal to the 
inward oppofite angle fda (Prop. 25.) 

And, becaufe af is parallel to be {Def. 22. )> and de 
interfefe them; the outward angle afd will be equal to 
the inward oppofite angle bec {Prop. 25.) 

Since, theKfore, the angle ecb is equal to the angle 
FDA9 and the angle afd to the angle bec, the remaining 

D 4 angle 
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angle cbe will be equal to the remaining angle SAF 
{Prop.2g* Qr. i.) 

But the fide ad is alfo equal to the fide.BC {Prop. 31.); 
confequently, fuice the triangles adf, bce are mutually 
equiangular, and' have two correfponding fides equal to 
each other, they will be equal in all refpe£b {Prop, 21.) 

If, therefore, from the whole figure abed, there 
be taken the triangle bce, there will remain the pa- 
rallelogram BD ; and if, from the fame figure, there be 
taken the triangle adf, there will remain the parallelo- 
gram AE. 

But if equal things be taken from the fame thing, the 
remainders will be equal ; confequently, the parallelogram 
AE is equal to the parallelogram bd. . 

Again, let abc, abf be two triangles, (landing upon 
the fame bafe ab, and between the fame parallels, ab, 
CF ; then will the triangle abc be equal to the triangle 

ABF. 

For produce cf, both ways, to d and E, and draw ao 
parallel to bc, and be to af {Prop. 28.) 

Then, fmce bd, ae, are two parallelograms, ftand* 
ing upon the fame bafe ab, and between the fame 
parallels AB, de, they are equal to each other {Prop, 32.) 

And, becaufe the diagonals ac, bf hikSt them {Prop. 
31.), the triangle abc will alfo be equal to the triangle 
abf. Q. £• D. 


PROP. 
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PROP. XXXII. Theor£M. 

If a parallelogram and a triangle (land upon 
the fame bafe^ and between the fame parallels, 
the parallelogram will be double the triangle. 



Let the parallelogram AC and the triangle aeb ftanfl 
upon the^ame bafe ab, and between the fame parallels 
AB» D£ ; then will the parallelogram ac be double the 
triangle aeb. 

For join the points B, D ; then will the parallelogntm 
AC be double the triangle adb, becaufe the diagonal OB 
divides it into two equal parts {Prop, 31.) 

But the triangle adb is equal to the triangle aeb, be- 
caufe they ftand upon the fame bafe ab, and between the 
f&me parallels ab, de {Prop, 32.) ^ whence the parai* 
lelogram Ac is alfo double the triangle aeb* Q^ £• D. 

CoROLL. If the bafe of the parallelogram be half that 
of the triangle, or the bafe of the triangle be double 
that of the parallelogram, the two figures will be equal 
to each other. 


P R O P- 
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PROP. XXXIIL Problem. 

To make a parallelogram that fhall have 
its oppofite fides equal to two given fight 
lines, and one of its angles equal to a given 
reftilineal angle. 




Let AB and c be two given right lines, and o z given 
TeAilineal angle ; it is required to make a parallelograai 
that {ball have its oppofite fides equal to ab and c, and 
one of its angles equal to n. 

-At the point a, in the line ab, make the angle bap 
equal to tKe angle o (Prof, ao.) and the fide af equal 
to c (Prop. 3.) 

Alio,-^miike fe parallel and equal to ab (Pni^. 28 and 
3.), and join be 5 then will as be the parallelogram ro- 
^uired. 

For, fince fe is parallel alid equal to ab (iy Conft.)^ 
"Vs, will be .parallel and equal to af ( Pr9p. 30. ) $ whence 
the figure ae is a parallelogram. 

And, becaufe af is equal to c {by Guj/?.) he will alfo 
be equal to c ^ and the angle b af was made equal to the 
angle D, 

The oppofite fides of the parallelogram ae are, there- 
fore, equal to the two given lines ab and c ; and one 
of its angles is equal to the given angle x>, as was to be 
4oae. 

PROP, 
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PROP. XXXIV^ Theorem. 

If two fides of a triangle be bifed:ed> tha 
right line joining the points of bifeftien, will 
be parallel to the bafe, and equal to one half 
of it. 



Let Aftc be a triangle, wfaofe^iides ca, cfi ore bUeAed 
in the points o, fi ; t}ien will the right line db, joining 
itloTe points, be parallel to ab, and equal to one half of it. ' 

Tor, in PE produced, take ef et}U8|l to kd {Pr^. 3*), 

Then, &ice sc is equal to^B (^ ^^O* ^^ ^to Bf 
{by Cm/I.) and the angle i>ec to the angle b&f {Prtf. n^.), 
the fide bf will alfo be equal to the fide dc, or ks eqoal 
.fPA, and the angle efb to the angle'Eisc (Pri^^. 4.) 

And, becaufe die right line df interfefts the two fight 
lines CD, fb, and makes tht angle sdc equal to the al- 
ternate angle EFfi, BF will be "parallel to dc or da 
{Prop. 24.) 

The right lines BiP, ad, therefore, being equal and 
parallel, the lines df, ab, joining their extremes, will 
al(b be equal and parallel {Prop. 30.) 
' "But DF is the double of de {ify Confl.) ; confequently 
AB is alfo the double of de \ that is t>% is the halFof ab. 

9 X^. E. D. 

PROP. 
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PROP. XXXV. Problem. 

To divide a given finite right line into nny 
propofed number of equal parts. 



Let AB be the given right line j it is required to divide 
it into a certain propofed number of equal parts* 

From the point a, draw any right line AC, in which 
take the equal parts ad, de, ec, at pleafure, (Pr^. i.) 
to the number propofed. 

Join BC ; and parallel thereto draw the right lines ee, 
DG, {Prop. 28.) cutting ah, in f and g; then will ab 
be divided into the fame number of equal parts with ac^ 
as -was required. 

For take eh, ck, ea<;h equal to dg {Prop. 3.}, and 
join D, H and £, k. 

Then, fince dg is parallel to ef {ty Con/i.)y and ae 
interfefb them, the outward angle adc will be equal to 
to inward oppofite angle deh {Prop. 25.) 

And, becaufe the fides ad, dg of the triangle agd, 
are equal to the fides de, eh of the triangle dhe {by ConJI.)^ 
and the angle adg is equal to the angle deh, the bafe ag 
will alfo be equal to the bafe dh, and the angle daq to 
the angle edh {Prop. 4.) 

But, fince the right line as interfeSs the two right 
lines DCy BF, and makes tba outward angle edh equal 

to 
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to the inward oppofite angle dag, dh will be parallel to 
AG or GT.{Prop, 23.) 

And, in the fame manner it may be (hewn that SK it 
alfo equal to AG, and parallel to ag or fb. 

The figures gh, VK, therefore, being parallelograms^ 
the fide dh will be equal to the fide gf, and the fide £ic 
to the fide^FB {Prop. 31;) 

But DH, Etc have been each proved to be equal to aq ; 
confequently gf, fb are, alfo, each equal to ag ; whence 
the line ab is divided into the fatoe number of equal parts 
vith ^Cy as was to be done. 


BOOK 
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DEFINITIONS. 
I. A re£buagle is a parallelogram whoT^ angka arc.att 



2« A fquare is a rectangle, whofe fides are all eqvai to 
each other- 


3^ IS very re£i:angle is faid to be contained by ^ny two 
of the right lines vrhich contain one of the right angles. 


4. If two right lines be drawn through any point in 
the diagonal of a parallelogram, parallel to its oppofite 
fides, the figures which are interfe£led by the diagonal 
are called parallelograms about .the diagonal. 



5. And the other two parallelograms, which are not 
interfered by the diagonal, are called complements to the 
parallelograms which are about the diagpnal* 


E 


§. la 
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6. In every parallcbgram, either of the two parallelo- 
grams about the diagonal, together with the two cotaplcr 
pients, is called a gnomon. 


7. The altitude of any figure is ji perpendicular drawii 
ffom the vertical angle to the bafe. 


PROP. I. PROBLIM, 

yfpon a given right line to defcribc a fqiiare, 



f, m 

Let AB be the given right lines it is required to de<- 
fqribe a fquare upon it. " 

Make ad, bc, each perpendicular and equal to as 
(I. II and 2')^ and join DC ; then will AC be the fquarp 
required > 

For, fince the angles dab, abc are right angles (tjf 
Con/}»)y AD will be parallel to bc (I. 22 Cor.) 

And becaufe ad, bc are equal and parallel, Ab, do 
will, alfo, be equal and parallel (I. 30.} 

But AD, Bc are each equal to ab {by Conft.) j whence 
AD, AB, BC and CD are all equal to each other. 

The 
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The figure ac, therefore, is an equilateral paralldo- 
gram ; and it has, likewife, all its angles right angles. 

For the angle dab is equal to the angle dcb, and the 
angle abc to the angle adc (I. 30.) 

But the angles dab, apc are right angles (by Conft.) 5 
confequently the angles dcb, adc are, alfo, right angles: 

The figure ac, therefore, being both equilateral and 
rectangular, is a fquare ; arid it i$ defcribed upon the 
line ab, as was to be done. 


P R O I^, li. Thror 
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Reftangles and Squares contained under 
equal lines are equal to each other. 




Let BD, FH be two reftangles, having the fides ab, bc 
equal to the fides ef^ fg, each to each ; then will the 
reSangle bd be equal to the rectangle fh. 

For draw the diagonals ac, eg : 

Then, fince the two fides ab, bc are equal to the two 
fides EF, tGj each to each [by Hyp.)^ and the angle b is 
equal to the angle f (I. S.)^ the triangle abc will bc 
equal to the triangle EFG (I. 4.) 

But the diagonal of every parallelogram divides it into 
two equal parts (L 30.) ; whence the halves being equal, 
the wholes will alfo be equal. 

The re£langle bd is, therefore, equal to th6 reSangle 
TH } arid in the fame manner it may be proved when the 
figures are fquares. Q^ E. D. 

S PROP. 
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PROP. m. Thbo&bm. 

The fides and diagonals of equal fquares 
are equal to each other. 


J 
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Let BD, FH, be two equal fquares ; dien will the fide 
AB be equal to the fide bf^ and the diagonal AC to the 
diagonal eg. 

For if AB, £F be not equal, one of them muft be 
greater than the other ; let ab be the greater, and mske 
BLj bk each equal to ef or fg (!• 3.) S ^nd join lk« 

Then, becaufe bl is equal to FE, bk to fg, and the 
angle lbk to the angle efc, being each of them right 
angles, the triangle blk will be equal to thf triangkF 
FEG (I. 4.) 

But the triangle feg is equal to the triangle bac, be- 
ing each of them the halves of the equal fquares fh, bd 
(I. 30.) $ whence, the triangle blk is aUb equal to the 
triangle bac, the lefs to the greater, which is ^furd. 

The fide ab, therefore, is not greater than the fide 
EF ; and in the fame manner it may be proved that it 
cannot be lefs j confeqnently they are equal to each other. 

And becaufe ab is equal to ef, bc to fg, 'and the 
angle abc to the angle efg (I« 8«}i the fide ac will alfo 
})e equal to the fide eg (I. 4.) Q; E. D. 


£ 
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PROP. IV, Theorem. 

The fquare of a greater line is greater tJian 
the fquare of a lefs ; and the greater fquare 
has the greater fide. 


J> c 
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Let the right line ab be greater than the right line %t% 
then will bd^ the fquare of ab, be greater than fh, the 
fquare of EF. 

For fince ab is greater than ef, and bc than fg (^ 
Hyp.\ take bk, a part of ba, equal to ef, and bi, a 
part of BC, equal to fg (L 3.} ; and join kl. 

Then, becaufe bk is equal to fe, bl to fg, and the 
angle kbl to the angle efg (I. S.)^ the triangle blk 
will be equal to the triangle fge (I. 4.) 

^But the triangle bca is greater than the triangle^ blk, 
whence it is alfo greater than the triangle fge. 

And fince the fquare bd is double the triangle bca, 
and the Iquare fh is double the triangle fge (L 30.), 
the iquare. bd will alfo be greater than the fquare fh. 

Again, let the fquare bd be greater than the fquare 
FH \ then will the fide ab be greater than the fide ef. 
' For if AB be not greater than ef, it muft be either equal 
to it, or lefs \ but it cannot fa^ equal to it, for then the 

3 ' fquare 
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fquarc BD would be equal to the fquare fh (II. a.)» 
which it is not. 

Neither can it be lefs, for then the fquare bd would be 
lefs than the fquare ^h (II. 4.), which it is not j confe- 
quently Aft is greater than fiF, as was to be (hewn. 


PROP. V. The^orem. 

Parallelograms and triangles, having equal 
bafes and altitudes, are equal to each other. 




t\ 
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Let AC, EG be two parallelograms, having the bafe ab 
equal tp the bafe ef, and the altitude dk to the altitude 
HL ; theniteill (he parallelogram ac be equal to the pa- 
rallelogram EG. 

For irpdn AB, £F, produced if necellary, let fall the 
perpendiculars cm, gn (I. xa.) 

Then, iince md, nh are re&angular parallelograms, 
the fide dc is equal to the fide km> and the fide Ho to 
the fide i.N (L 30.) 

But DC is alfo equal to ab, and HO to bf (I. 30,} ; > 
therefore km is equal to ab, and ln to ef. 

And, fmce ab is equal to bf {by Hyp.) j km will be 
equal to ln ^ find confequently the re£bngle md is equal 
to the re£tangle kh (II. 2.) 

But the redangle md is equal to the parallelogram a^, 
tiecaufe they fiand upon the fame bafe DC, and between 
ti|e (ame parallels DC, am. 

£ a And^ 
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And, for the fame reafon, the re^ngle nh is equal ta 
the parallelogram eg ; whence the parallelogram ac is 
equal to the parallelogram eg. 

Again, let abd, efh be two triangles, having the 
bafe AB equal to the bafe eF, and the altitude dk to the 
altitude hl ; then will the triangle abd be equal to the 
triangle efh^ 

For, if the parallelograms ac, eg be compleated, they 
will be equal to each other, by the former part of the 
propofition. 

And Unce the diagonals db, hf divide them into two 
equal parts (I. 30.}, the triangle abd will alfo be equal 
to the triangle efh. Q^ £• D. 

CoROLL. Parallelograms and Triangles {landing upon 
equal bafes, and between the fame parallels, are equal to 
each other. 

T> R O P. VI. Thneorem. 

The compleirents of the parallelograms 
which are about the diagonal of any paral- 
lelogram, are equal to each other* 


JD & C 


f 
H ji 


Let AC be a parallelogram, and ak, kc, complements 
about the diagonal bd ; then will the complement ak be 
fqual to the complement kc* 

For 
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For, Ance ac is a parallelogram, whofe diagonal Is fiD, 
tihe triangle dab will be equal to the triangle bcd (I. 30.) 

And, becaufe eg, hf are alfo parallelograms, whofe 
diagonals are dk, kb, the triangle dgk will be equal to 
the triangle d£k, and the triangle kfb to the trianglci 
KHB (I. 30.) 

But, fince the triangles DoiC, tcFaare, together^ equal 
to the triangles disk, khb, and the whole triangle daH 
to the whole triangle dcb, the remaining part aK will 
be equal to the remaining part KC. Q^ £» D» 


PROP. VII. Thborbm. 

Parallelograms which are about the diago- 
nal of a fquare are themfelves fquares. 
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Let BD be a fquare, and he, tg parallelograms about , 
its diagonal ac i then will thofe parallelograms alfo be 
fquares. 

For fmce the fide of the fquare ab is equal to the fide 
BC, the angle cab will be equal to the angle acb (I. g.) 

And becaufe the right line gh is parallel to the right 
line cb, the angle akh wilt alto be equal to the angle 
ACB (I. 25.) 

The angles cAb, akS are, therefore, equal to eacli 

other ; and confequently the fide ah is equal to the fide 
BK CI.60 

£ 3 But 
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But; the fide ah is equal to the fide ek, and the fide 
n% to the fide ae (L 30.) ; whence the figure he is 
fquiUteral. 

It has alfe a|l its angles right angles : 

For £ AH is a right angle^ being ^e ^ngleof a fqiiare; 
and KG, EF are each of them parallel to the fides of the 
fitme^fquarC) whence the remaining angles will alfo be 

right angles (I. 25.) 

The figure H£) therefore, being equilateral, and hav- 
ing ^U its angles right. angles, is a fquare : and the fame 
maybe proved of the figure fg, CL £• D. 


PROP. VIII. Theorem. 

The rectangles contained under a given 
line and the feveral parts of another line, 
gny how divided, are, together, equal to the 
re<5i:angle of the two whole lineSf 



I^t A and BC be two right lines, one of which, bc, is 
divided into feveral parts in the points d, e ; then wiU 
the re^ngle of a and ^c, be equal to the (um of the 
liedangles of a and bd, a and de, and, a and eg* 

for malce bf perpendicular to bc fl. iiJ and equal 

to A (1* 3O9 ^^ ^^^^ ^^ parallel to bc, and dh, ei 

and 
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and CG each parallel to bf (L ly.}, prodacing them till 
they meet fg in the points h, i, g. 

Then, fince the refbingle bh is contained by bo and 
BF (IL Def. 3.)) it is alfo contained by bd and a, bc« 
caufe BF is equal to a [hy Conft.) 

And, fiiicc the redangle dz is contained by db and 
j>H, it b alfo contained by de and a, becauie dh is equal 
to BF (I. 30.), or A. 

The refbngle eg, in like manner, is contained by 
BC and A ; and the re£langle bg by bc and a. 
. But the whole redaogle bg, is equal to the re£bngle6 
BH, Di and EG, taken together ; whence the redangle 
of A and BC is alfo equal to the re£bng]es of a and bd^' 
A and D£ and a and £c, taken together. Q* £• D« 

PROP. IX. Theorem, 

If a right line be divided into any two 
parts, the reftanglcs of the whole line and 
each of the parts, are^ together; equal to 
the fquare of the whole line. 


r I ■ ■ I . » 


c 


Let the right line ab be divided into any two parts in 
the point c ; then will the re6bngle of ab, ac, together 
with the re£tangle of ab, bc, be equal to the fquare 


of AB. 


£ 4 


For, 
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For^ upon ab defcribe the fi|uare ad (IL i.)^ and 
through c draw cf parallel to ae or bd (I. 27.) 
' Then, fince the re6tangle af is contained by ab^ ac, 
it is alfb contained bj^ ab> ac» becauib ab is equal to 
AB (U. Def. 2,) 

And| fiiice the redangle co is contained by bd^ bc, 
it is altb contained by Ab» bc, becaufe b|> is equal to ab. 

But AD, or the fquare of ab, is equal to the re£Ungles 
af» c0, taken together \ whence the redangle ab, ac^ 
together with the re£iangle ab, bc, is alfo eqiial to the 
fquare of AB« Q^ £• D, 


PROP. X. Theorem. 

If a right line be divided into any two 
parts, the re£tangle of the whole line and 
one of the parts, is equal to the re6iangle of 
the two parts, together with the fc^uare of 
the aforefaid part. 


E 
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Let the right line ab be divided into any two parts in 
the point c \ then will the re^ngle of Ap, bc be equal 
to the rcdangle pf ac^^ cb, together with the fquare 

of CB*" 

For upon cb defcribe the fquare cb (IL x.)^ mA 

through A draw AF parallel to Cp (L a70> tneeting ed, 

produced;^ in F, 

Then, 
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Tben^ fifice At i% z refbnglt^ eontataed by Ae; be, 
it is alio contained by ab^ bc» becaufe BB is equal t6 
Bc (ILD//. a-) 

And) in Kke tnatifier, ad is a teAangle contained by 
AG) CD) or by AC, cB ; and ct is the fquare of CB [by 
anft.) 

But the ie£bngle ab is equsd to tte redangle ad, and 
tile iquare cB, taken together; i^ence the redangle 
0f ab, bc is aUb eqilal to the reflangle of ac, Cb together 
with the fi)uare of cb. Q, E. Dt 


PROP. XI* TilBORBM<. 


If ft right line be divided into any two 
parts, the fquare of the whole line will be 
equal to the fquaresr of the two part$, toge- 
ther with twice theifc^tangle of thofe parts* 



Let the right line ab be divided into any two parts in 
the point c ; then will the fquare of ab be equal to the 
fquares of AC, cb together with twice the redangle of 

AC, CB. 

For upon ab make the fquare ad (!!• !•), and draw 
the diagonal bb % and make ck, fh parallel to ab, bo 

Then, 
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Then, fince the pacal}eIograms about ,the diagonal of a 
fquare are then^lyes fijuares. .(II. 7.), fk will 4>e the 
iquare of fg, or its equal ac, and ch of cb# 

And fince the comj^ements of the parallelograms about 
Hoc diagonal are equal to each other (lit 6.), the comple- 
ment AG will be equal to the complement gd. 

But AG is equal tx) the redapgle of ac, ^cb, becauie 
CG is equal to cb (II. Dff. 2O i and gd is alfo equal to 
the reftangle of aQj cb, becaufe gk is equal to gf 
{Def. II. %,) or AC (I. 30.)> and gh to cb (I. 30.) 

The two re£tangles ag, Gd are, therefore, equal to 
twice the reAangle of ac, cb ; and fk, ch have been 
proved to be equal to the fquares of ac, cb. 

But thefe two refbngles, together with the two fquares, 
jnahe up the whole fqitoe ad ;; confequeiitly the fquare 
AP is equal to the fqi|ar^s of ac, cq, together with twice 
the refbngle of ac, cb. ' Q. E. D. 

* Coi^OLL. If a line be divided into two equal parts, 
d)e fquare of the whol^ line wiQ be equal to four times 
the fquare of half the line. 


PROP. 


/ 
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PROP. XII. Theorem. 

If a right line be divided into any two 
parts, the fquares of the whole line, and 
one of the parts, are equal to twice the 
re6tangle of the whole line and that part, 
together with, the fquare of the other part. 


H 


X^ \ 

c^ 

m 

\ 


C B 

Let the right line ab be divided into any two parts Ia 
«h% point c ; then will the fquares of ab, bc, be equal to 
twice the redangle ab, bc together with the iquaie 

of AC. 

For, upon ab make the Iquare ad (II. z.), and draw 
the diagonal be \ and make fc, hk parallel to bd, ba 
(L 27.) : 

Then becaufe AG is equal to gp (II. 6.}, to each of 
&efe equals add ck, and the whole AK will be equal to 
the wfade CD. 

And, finpe the doubles of equ^^ls are equals the gnomon 
HBF, together with CK, will be ^the. double of AK* 

But CK is a fquare. upon cb (II. 7.), and twice the 
redangle ab, bc is the double of ak, whence the g^no- 
monuB^, together with the iqi;^ C|p, is^ alfo^ eqiialto 
twice the redangle ab, bc. 

And, 


^ 


ELEMENTS OP GBOMETRY. 


And, becaufe hf is a fquare upon hg ot ac (II. 7.), 
if this be added ^o each of thde equals, the gnomon hbf, 
together with the fquares CK, hf, will be equal to twice 
|b<p re&ngle ab, bc^ together with the fcfUare of ac. 

But the gnomon hbf, together with the iquares ck, 
HF,' are equal to the whole fquare ad, together with the 
fqukre^ ck ; confequcntly, the fquares of ab, bc, are 
fli|ual to t^ce^tbe redangle ab, bc together with the 
fquare of AC. ' : . Q. £• Dr 

.« 

P R O P. XIII. Theorem. 


The diflfcrencc of the fquares of any two 
unequal lines, is equal to a redlangle under 
their fum and difference^ 



Let AB9 AC be any two unequal lines ; then wiii tfie 
fSifierence of the fi^uares of thofe lines be equal to a reft- 
togle under their fom and diiFerence. 

For, upon ab, ac make the fquares ae, a! (II. i.) ^ 
«nd ill H£, produced, take eg equal to ac (I* 3*)^ ^"^ 
make or parallel to eb (I. a7*)> ^^ produce ci, xk 
tSl they meet »o, op In and r* 

Then, fince rift ia equal to ab {Dif. U. 3.) and so to 
AC (fy Gbi^.}, RG will be equal to the fum of ab 
and AC« 

And 
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And becaufc ah is equal to ab^ and ak to ac (IL 
Dtf. 20> ^" will be equal to cb, or the difiercAce of 
AB aiid Ac. 

Bat the re£tangle kg is contained by HO^ and 9K^ 
whence it is, alfo» contained by the fiun and difievence 
of A^ and AC. 

And, fince le is equal to Hic (L 30.} or da (i^ Cm^^)^ 
and BG to AC {hj Cim/?.) ci, or lb, thcre&angle hQ will 
be .equal to the refimngle LC (IL 2.} 

£ut the reftai^Ies hi, xc are^ together, equal to the 
difierence of dtt fquares ae, ai \ confequentiy the reft* 
angles hl, lo, or the whole re£Ungle kg, is alfo equal 
to the di£Fereace of thofe fquares. Q. £• ]># 

PROP. XIV. Theorem. 


In any right angled triangle, the fquare of 
the hypotenufe is equal to the Aim of the 
fquares of the other two iides» 



Let ABC be a right angled triangle, having the right 
angle Acs; then will the fquare of the hypotenufe ab be 
equal to the fum of the fquares of ac and cb. 

For, on ab, defcribe the iquare ae (II. !•}, and on 
AC, CB the fquares ag, bh \ and, through the poi;it c, 

draw 
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draw CL parallel to ad or be (1. 27.) -, and join bf, Co, 
Aic and CE. 

Then, fince the right line ac meets the two rightlines 
OC# CB in the point c, and makes each of the angles 
ACG, ACB a right angle {by Hjp. and Def. 2.)^ cc will 
be in the fame right line with ca (L 14O 
. And, becaufe the angle fac is equal to the angle dab 
(I. 8O9 if the angle cab be added to each of diem, the 
whole angle fab will be equal to the whole angle d ac« 
' 'The fides fa, ab, are, alfo, equal to die fides ca, 
AD, each to each, {Drf.2»)j and their included angles 
havC) likewife, been (hewn to be equal ; whence the tri*- 
3Qgle ABF is equal to the triangle acd (I. 4.) 

But the fquare ag is double the triangle abf (1. 32.) 
and the parallelogram al is double the triangle acd 
(I 32.) ; confequently the parallelogram al isequal totbc 
iquare AG {Ax. 6*) 

And, in the (ame manner, it may be demonftrated, 
that the parallelogram bl is equal to the fquare eh; 
therefore the whole fquare ae is equal to the fquares ao 
and BH taken together. Q. E. D. 

CoiroLL. The difference of the fquares of the hypo- 
tenufe and either of the other fides is equal to tlie fi^uarc 
of the remaining fide. 


PROP. 
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PROP. XV. Theorem. 

If the fqaare of one of the fides of a tri« 
angle be equal to the fum of the fquares of 
the other two fides, the angle contained hj 
thofe fides will be a right angle. 



Let A^c be a triangle ; then if the fquare of the fide 
AB be equal to the fum of the fquares of ac, cb, the an* 
gle ACB will be a right angle. ^ 

For, at the point c, make cd at right angles to CB 
(I. li.), and equal to AC (I. 3.) ; and join db« 

Then, fincB the iquares of equal lines are equal (11. 2*)> 
the iquare of nc will be equal to the fquare of ac. 

And, if, to each of theie equals, diere be added the 
fquare of cb, the fquares of dc, cb will be equal to the 
fqMares of ac, cb.- 

^ But the fquares of DC, cb are equal to the fquare of 
BD (IL 14. )> and the fquares of AC, cb to the fquare of 
AB {by Hyp,) i whence the fquare of bd is equal to the 
fquare of ab. 

And fince equal fquares have equal fides (IL 3.}, ab 
is equal to bd^ bc is alfo common to each of the tri« 
angles abc, dbc, and ac is. equal to cd (by G^.} i 

coti« 
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con&quendy the angle acb is equal to the angle bcd 
(I. 7-) 

But the angle bcd is a right angle {by Con/l*)^ whence 
the angle acb is iilfo a rigjit angle. Q^ £. D. 


PROP. XVI. Trborbm. 

The difference of the fquares of the two 
fides of any triangle^ is equal to the diffe- 
rence of the fquares of the two lines^ or 
diftances, included between the extremes of 
the bafe and the perpendicular. 




Let ABC be a triangle, having cd perpendicular to ab ; 
dien will the difierence of the fquares of AC, CB be equal 
to the difference of the fquares of ad, db. 

For the fum of the fquares of ad, dc is equal to the 
fquare of ac (IL 14. )> ^^'^ the fum of the fquares of 
Md» ]>c is equal to the fquare of bc (XL 14.) 

The difference, therefore, between the fum of the 
iquares of ad, dc and the fum of the fquares of bd^ dg, 
is equal to the difference of the fquares' of ac, cb. 

And, iince DC is common, the difference between the 
fum of the fquares of ad, dc, and die (urn of the fquares 
of BD, DC is equal to die difierence x>f the fquares of 
ad^ db. 

8 But 
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But things which are equal to the fame thing are equal 
to each other ; confequently the difference of the fqtiares 
of AC, CB is equal to the difference of the fquares of 

ADj DB. Qi E, D. 

CoROLL. The re£bngle under the fum and difference 
of the two fides of any triangle, is equal to the redangle 
Under the bafe and the difference of the fegments of the 
bafc (II. 13.) 


PROP. XVII. t tt E o R E M. 

In any obtufe-angled triangle^ the fquarc 
of the fide fubtending the obttife angle^ is 
greater than the fum of the fquares of the 
other two fides, by twice the re<5langle of 
the bafe and the diftancc of the perpendicu- 
lar from the obtufe Angle. 



Let ABC be a tfianglcj of which ABC is an obtufe an- 
gle, and CD perpendicular to ab ; then will the fquare of 
AC be greater than the fquares of ab, bc^ by twice the 
re£langle of ab, bd. 

For, fince the right line ad is divided into two parts^ 
in the point b, the. fquare of ad is equal to the fqviares of 

F AB, 
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AB, BD, together with twice the red^Kngle of ab, bd 
(11. u.) 

And if, to each of thefe equals, there be added the 
fquare of dc, the fquares of ad, dc will be equal to the 
fquares of ab, bd and dc, together with twice the re£t« 
angle of AB, bd. 

But the fquares of ad, dc are equal to the fquare of 

AC, and the fquares of so, pc to the fquare of bc (il. 
14,) I whence the fquare of ac is greater than the fquares 
of AB^ BC by twice the re£iangle of ab, bd. Q^ £• D. 


PROP. XVIIL Theorem. 

In any triangle, the fijuarc of the fide fub-» 
tending an acute angle, is lefs than the fum 
of the fquareB of the bafe aod the other fide, 
by twice the rcdlaugle of the bafe and the 
diftance of the perpendicular from the acute 
angle. 




B J) A B 

r 

Let ABC be a triangle, of which abg is an acute an* 
gle, and cd perpendicular to ab : then will the (quare df 
AC, be left than the fum of the fquares of ab and bc, hf\ 
twice the re£tangle of AB, Bi>. 

For, fmce ab, and ab produced, are divided into iw^ 
parts in the points d$ and a, the fum of the fqittareB of AB,r 

3 - BD 
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Hd is equal to twice the redangle of ab, bd, together 
with the fquare of AD (II. 12.) 

And if, to each of thefc equals^ there ht added the 
fquare of DC, the fum of the fquares of ab, ir> and dc 
will be equal to twice the reftangle of ab^ Bd, together 
with the fum of the fquares of ad, dc. 

But the fum of the fquares of fiD, DC is equal to the 
fquare of bc^ atid the; fum of the fqiiare^ of aD, DC to 
the fquare of AC (II. 14.) ; whence the fquare of AC is 
lefs than the furti of the fquares of ab, bc, by twice the 
redlangle of ab, bd* , Q^ E* D» 


PROP- XIX. THEOREM. 

In any triangle, the double of the fquare 
of a line drawn from the vertex to the mid- 
dle of the bafe, together with double the 
fquare of the femi^bafe,, is equal to the fum 
of the fquares of the other two (ides* 




Let ABC be a triangle, and CE i line drawn froijrac 
vertex to the middle of /the bafe ab ; then will twice the 
f^im of the fquares of CE^ £A be equal to the fum of the ^ 
fquares of AC, c^. 

For on ab, produced if neceflary, let fall the perpen« 
4icular CD (I. X2.) 

Fa Then, 
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Then» becaufe aec is an obtufe angle, the fqustre of 
AC is equal to the fquares of ae, ec together with twice 
the re£):angle of AE, ed (II. 17.) 

And, becauie bec is an acute angle, the fquare of cb 
together with twice the redlangle of be, ed is equal to 
the fquares of BE, ec (IL 18.)' 

Andfince ae is equal to eb {by Conji.)^ the fquare of 
BC togethel- with twicp the rectangle of ae, ed is equal 
Co the fquares of ae, ec. 

But if equals be added to equals, the wholes will be 
equal ; whence the fquares of ac, cb, together with twice 
the re£bangle of ae, ed, are equal to twice the fquares of 
AE, EC, together with twice the rectangle of ae, ed. 

And, if twice there£iangle of ae, ec, which is com- 
mon, be taken away, the fum of the fquares of ac, cb 
will be equal to twice the fum of the fquares of ae, ec. 

Q, E. D. 

PROP. XX. Theorem. 

In an iibfceles triangle, the fquare of a 
line drawn from the vertex to any point in 
the bafe, together with the rectangle of the 
fegments of the bafe, is equal to the fquare 
of one of the equal fides of the triangle. 



Let ABC bean ifofceles triangle, and ce a line drawn firom 

the vertex to any point in the bafe ab j^ then will the 

8 ^ Square 
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Iquare of ce, together widi the redangle of a£, £b be 
equal to the fquare of AC or tB« 

For bife£t the bafe ab in d (L 10. ), and join the 
points £, D. 

Then, fince AC is equal to cb, ad to db, and cx> 
is comnu>n to each of the triangles acd, bcd» the 
angle cda will be equal to the angle cnB (L 7.} ; 
and confequently cd will be perpendicular to ab {Def. 

8,9.) 

And, becaufe ace is a triangle, and CD is the per* 
pendicular, the difFerence of the fquares of ac, cs 
is equal to the difFerence of the fquares of ad, ds 
(II. 16.) 

But, fince be is the fum of ad and db, and ab is their 
difference, the difFerence of the fquares of ad^ ds is 
equal to the redlangle of as, eb ; confequently, the di& 
ference of the fquares of ac, ce is alio equal to the reStm 
angle ae, bb. 

And if, to each of thefe equals, there be added the 
(quare of ce, the fquare of ac will be equal to the^ 
iquare of CB, together with the re6langle of ab, bb. 

Qs £. D. 


PROP. 
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P BL O P. XXI. T H E O R K M. 

The .4iagonak of any parallelogram bifcd 
each pth^r, and the fum of their fquares is 
cquaj to the funi of thc.fquares of the 
four ijdcs pf jthc paj-allclograni. 



Lfft AUCD he a parallelogram, whofe diagonals ac, bo 

interred each other in e ; then will ae be equal tq 

•£C, and BE to £p ; and the fum of the fquares of ac, 

•^Hd will be eqt^al to the fum of the fqiiares of ab^ bc, ci^ 

and pa. 

For fince ab, dc are parallel, and ac, bd interfe£i: 

idieai, the angle dce wiU be equal to the angle £A9 

(I. ^.), and tb^ angle cde to the angb eba (L 24.) 

. The ^gle deic is li^Lewife equal to the angle aeb 

(1. 15.), and the fide dc tp the fide ab (I. 30.)^ con- 

fequently de is alfo equal to eb^ and C£ to ea (I. 21.} 

Again, fince db is bifefied in e, the fum of the fquares 
of DC, CB will be equal tp twice the futp of the fquares of 
DE, EC (II. 19.) 

And, becaufe dc is equal to ab, and cb to^pA (I. 30.} 
the fum of the fquares o^ ab, cb, dc and da are equa^ 
to four times the fum of the fquares of de, ec. 

JBut four times the fquare of de is equal to the fquare 
oFbd (II. 11^ Cor.)y and four times the fquare of ec is 

fequsd 


boos: the second. 


7' 


equal to the fquare of ac ; whence the Aim of the (quares 
of AC, BO are equa} to the fum of the fquares of ab, bc, 
ciiandpA. Q; E. D. 


PROP, XXIL Problem, 


To divide a given right line into two 
parts, fo that the rcftangle contained by the 
whole line and one of the parts, fliall be 
equal to the fquare of the other p^rt. 



Let ab be the given right line ; it is required to divide 
it into two parts, fo that the re£tangle of the whole line 
and one of the parts fball be equal to the fquare of the 
other part. 

Upon ab defcribe the fquare Ac (IL i.), and bife£l 
the fide of it ad in £ (I. lo.) 

Join the points b, e i and, in ea produced, take ef 
equal to eb (I. 3.); and upon af defcribe the fquare 

FH {II. I.) 

Then will ab be divided in h fo, that the re£buigle 
AB, bh, will be equal to the fquare of ah. 

For, fince df is equal to the fum of eb and ED, or its 
equal ea, and af is equal to their dilFerence, the re£l« 
angle of df,' fa is equal to the difference of the fquares 

Qf EB, EA (II. 13.) 

F 4 Bup 
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But the rediangle of jdf, fa is equal to dg, Dccaufe 
FA is equal to fg (II//>^. 2.) ; and the difFerence of the 
fquares of eb, ea is equal to the fquare of ab (II. X4. 
Cor.) \ whence ixG is equal to ac. 

And, if from each of thefe equals^ the part dh, which is 
common to both, be taken away, the remainder ag will 
be equal to the remainder hc. 

But HC is the re£bngle of ab, bh ; for ab is equal to 
BC ; and ag is the fquare of ah ; therefore the right 
line AB is divided in h fo, that the re£btngle of ab, ]|H 
is ec^ual tP the fcjuare of /\if^ which was (q b^ dope^ 


BOOK 
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BOOK in. 


DEFINITION S, 

I. A radius of a circle, is a right line drawn from the 
centre to the circumference. 



2. A diameter of a circle, is a right line drawn througb 
the centre and terminated bodi ways by the circum*^ 
ItrcDce* 



3* Aj^ arc of a circle, is any part of its periphery, ht 
cifcumfeicnce« 

4. The chord, or fubtenfe, of an arc, i$ a right line 
joining the two extremities of that arc* 

(■^ 


5* A femicircle, is a figure contained under any diame- 
ter and Ae part of the circumference cut off by that 
diameter* 




6. A 


i ■ 
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6. A fegment of a circle, is a figure contained under 
any arc and the chord of that arc. 


7. A tangent to a- circle, is a right line which pailes 
through a poii^t in the circumference without cutting it. 



8. Right lines, or chords, are' faid to be equally diftant 
from the centre of a circlf*, whisn perpendiculai^s drawn 
to tb^m from the centre ai^e equal. 



g. And the right line on which the greater perpendi^ 
fular falls, is (;ud if be farther firom the:f;pajt£e. * 



ID. An angle in a fegment, is that which is contained 
by two ris^t iinesn 4^^W^ f^^P?^ My fioiat iii the arc of the 
fegment, to the tifo -extremities of the ohocd of that arc'. 



Xi« Qne circle is laid to touch another, when it.pafTes 
tivQH^H n^ poipt jn its <urc;iimf<prencc without cutting it,: 



PROP, 


_I mJ 
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P R O P. I. Problem. 


Xo find th^ centre of a given circle^ 



Let ABC be tkc {iven chde ^ H is ce^iKd ta fi^d it^ 

V Draw siny.chord ab, and bife£i it in d (I, io.)i and 
through the point d dra\^ cis &t right angles to ab (L^ 
II.), and bifed it in f: then will the point the the 
(centre of the circle, 

For if it be npt, fome other point muft be the centra 
either in the line eg, or out of it. 

But it cannot be any other point in the line £c, for if 
it were, two lines drawn from the centre of the circle to 
Its circumference would be unequal, which is abfurd. 

Neither can it be any point out of that line; ftwrif it 
jcan, let g be that point ; and join g a, gd and -CB. 

Then, bccaufe ga is equal to xjb (I. Def^ 13.), a» to 
t>B {^y Conji.)^ and gd common to each of the tmn<- 
gles AGD, BOD, the angle adg will be e(}aal -to ti^e 
^ngle BDG (If 7.) 

But when one line fails upon Smother, and makes the 
adjacent angles equal, thofe scngles arc, each ctf dsem, 
right aisles (I. Def. ^ and^.) 
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The angle adg, therefore, is equal to the angle adc 
(I, 8.)> the whole to the part, which is abfurd j confc- 
quently no point but f can be the^ centre of the circle. 

Q. E- D. 

CoROLL. If any chord of a circle be bire£l;ed, a right 
line drawn through that point, perpendicular to the chord, 
will pals through the centre of the circle. 

PROP. IL Theorem. 

If aoy two points be taken in the circum- 
ference of a circle, the chord» or right line 
which joins them, will fall wholly within 
the circle. 



Let Alls be a eircle, and A, b any two points in the 
circumference \ then will the right line ab, which joins 
tbofe points, fall wholly within the circle. 

For find c, the centre of the circle abe (IILi.), and 
join c. At j:, b ; and through any point d, in ab» draw 
the right line cc» cutting the circumference in e. 

Then, becaufe ca is equal to CB (I. Def. 13.), the 
angle cab will be equal to the angle cba (L 5.) 

And, fince the outward angle cdb of the triangle acd, 
it greater than the inward oppofite angle cab (1. 16. }» it 
will alfo be greater than the angle c»a« 

But 
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But the greater fide of every triangle is oppofite to 
the greater angle (L 17.) ; whence cb, or its equal c£, 
will be greater than cd. 

The point d, therefore, falls ivithin the circle ; and 
the fame may^be fliewn of any other point in ab; con- 
fequently the whole line ab mutt fall within the circle* 

Q, £• D. 

PROP. ni. Theorem. 

If a right line, which pafTes through the 
centre of a circle, bifcdl: a chords it will be 
perpendicular to it ; and if it be perpendicu« 
lar. to the chord, it will brfeift it. 



Let ABC be a circle, and c£ a right line which pafles 
through the centre d, and biieds the chord ab in e ; 
then will C£ be perpendicular to ab. 

For join the points ad, db : 

Then, becaufe ad is equal to db (II. Dgf. 13.), ae 
to £B {by Hyp.)^ and ED common to each of the trian- 
gles ads,.bde, the angle dba will be equal to the an- 
gle DEB (L 7.) 

But one line is faid to be perpendicular to another, 
when it makes the angles on both fides of it equal to each 
other (I. Z>^.8.)i confequentlycB is perpendicular to the 
chord AB. Again, 
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Again, let the right lin^ de be drawn from the centre 
J)y perpendicular to the chord ab -, then will AB be hlkH" 
ed in the. point £. 

For join the points ai>j db, as before : 

Then, fince the angle dab is equal to the angle dba 
(I. 5.), and the angle aed to the angle bj^b, (being each 
of them right angles) the angle ad£ will alfobe equal to 
the angle edb (I. 2S. Cor, i.) 

And, becaufe the triangles 0£Ay deb are mutuaUjr 
equiangular, and have the fide de common, the fide ae 
wftU alfo be equal to the fide £b (I. 21.) ; whence ab is 
bifeSEed in the point e, as was to be fliewn. 

CoRdLL. If a right line be drawn from the vertex of 
an ifofceles triangle, to the middle of the bafe, it will be 
perpendicular to it ; and if it be perpendicular to the bafe, 
it will bife£i; both it and the vertical angle. 

PROP. IV. Thkphem. 

If more than two equal right h'ne$_can be 
drawn from any point in a circle to- the cir- 
c;umference, that point will be the centre. 



Let ABDC be a circle, and o a point within it ; then if 
any three .right lines Ca, ob, oc, drawn from the point 
c» to the circumfereace^ be equal to each other^ tbtt point 
will be the centre* 
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For draw the lines ab^ Ac^^and btfeft tbem in the 
points F, G (L 10.) ; and through the centre o, draw 
FD» GEy cutting the circumference in d and E. 

Then, Iince af is equal to f& {by Cinfi.)^ ao to ob 
{6y HypJ)^ and of common to each of the triangles AOFy 
BOF, the .angle afo will be equal to the angle bfo 

(I. 7-) . ' 

And becaufe the right line of falls upon the right line 

AB) and makes the adjacent angles equal to each other, 

DF will be perpendicular to ab (I. Def. 80 

But when a right line bifeds any chord at right angles, 
it pailes through the centre of the circle (III. i» Cor.)i 
whence the centre muft be fomewhere in the line FO. 

And, in the fame manner, it may be fh^wn, that the, 
centre muft be fomewhere in the line gb. 

But the lines fd, ge have no other point but whicii 
is common to them both ; therefore o is the centre of 
die circle abd, as was to be fhtvm* 

PROP. V. Theorem. 

t 

Circles of equal xadii are equal to each 
other ; and if the circles are equal, the radii 
will be equal. 



Let ABC, BEF be twoclrcles-, of which the radii ca^ 
OB are equal to the radii bf, H£ 3 th^eo will the circle 
ABC be equal to the circle o£F« ' 

For 
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For conceive the circle oef to be applied to the circle 
ABC, fo that the centre k tnay coincide with the 
centr eo ^ 

Then, fince the radti hf^ he are equal to the radii 
GA, GB {by Hyp.) J the points F, £ wiU fall in the cir-* 
cumference of the circle abg {I*Def. 13*) > ^^^ the fame 
may be Ihewn of any other point d» 

But iince any number of points, taken in tl|e circum- 
ference of the circle D£F, fall in the circumference of the 
circle abc, the two circumferences muft coincide^ and 
confequently the circles are equal to each other* 

Again, let the circle abc be equal to the circle DBF i 
then will the radii g a, gb be equal to the radii hf, he. 

For if .they be not equal, they muft be either greater 
or lefs : let them be greater ^ and apply the circles to 
each other as before. 

Then, finca the radii GA, gb are greater than the 
radii hf, he, the points F, £ will fall within the circle 
ABC ; and the fame may be fiiewn of any other point d» 

But, fmce any number of points, taken in the circum* 
ference of the circle def, fall within the circle Abc, the 
whole circle def muft, alfo, fall within the circle abc. 

The circle def is, therefore, lefs than the circle abc, 
and equal to it at the fame time (by Hyp*)^ which is 
abfurd : whence the radii ga> gb are not greater than 
the radii hf, he. 

Aqd in the Ikme manner it may be (hewn that they 
cannot be lefs ; confequently they arc equal to each other. 

Q. E. D. 

CoROLL. Equal circles, or fuch as have equal radii, 
or diameters, have equal circumferences. 

PROP. 
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PROP. VI. Theorem. 

If two circles touch each other internaH/, 
the centres of the circles and the point of 
contadt will be all in the fame right line. 



Let the two circles beg, bdf touch each other inter- 
nally at the point b ; then will the centres of thofe cir- 
cles and the point b be in the fame right line. 

For let A be the centre of the circle bcg, and draw 
Ae diameter Cb, 

And if the centre of the circle bdf be not in gb, let, 
if poffible, fome point c, out of that line, be the centre; 
iin4 join a,c,nC,b; and produce AC to cut the cirdeft 
in D and e« 

Then, fince acb is a triangle, the fides Ac, cb, talcen 
together, are greater than the fide ab (I. i8.)> or its 
equal AE. 

And i^ from thefe equals, the part ac, which is 
common, be taken away, the remainder cB will be greater 
dian the remainder ce. • 

But, fince c is the centre of the circle bdf {by Hyp.Jy 
CB is equal to cd (I. Def. 13.) j whence CD will alfo be 
greater than ce, which is impoffible. 

The point c, therefore, cannot be the centre of the 
circle bdf ; and the fame may be. 0leWn of any other 
point out of the line ab. Q. £. D. 

G P R Q P. 
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PROP. VII. Theorem. 

If two circles touch each other externally, 
the centres of the circles and the point of 
contadl will be all in the fame right line. 



Let the two circles beg, bdf touch each other ex* 
temally at the point b ; then will the centres of thofe cir- 
cles and the point b, be in the fame right line. 

For, let A be the centre of the circle beg, and draw 
the diameter gb, which produce till it cuts the circle 
BDF in F. 

And, if the centre of the circle bdf be not in the line 
AF, let, if poffible, fome point c, out of that line, be the 
centre; and join c, a , c, B.^ 

Then, fince a is the centre of the circle beg, ae is 
equal to ab (I. Def. 13*) 

And becaufe c is the centre of the circle 9DF {^hy Hyp')f 
CD is equal to cb (I. Def, 13.) 

' But ab, bc, together, are greater than ac (L iSOli 
therefore ae, cb, together, are alfo greater than acj 
which is abfurd. 

The point c, therefore, cannot be the centre of thd 
circle bdf ; and the fame may bc ibewn of any othei* 
point out of the line af. Q;, £. D« 

i 

PROP. 


p R oPi vnii tHkoiiEii*'. 

Any two chords in a circle, which are 
fcqually diftant from the centre/ are equal to 
each o'ther.5 and if they be equal to each 
otber^ they will be equally diftant from the 
centre. 


I > 



Let AbSix be a circle, whofe centre is 6 ; then will 
any two chords ab, de, which are equally diftant from 
o, be equal' to each other. 

For join the points ao^ ot)) and let fall the perpendi- 
culars OC, OF (L I2») 

Then, fince a right line, drawn from the centre of a 
fcirclej at right ahgles to any chord, bifeSs it (III. j.Jj 
AC will be equal to cti, and df to F£; 

Andj -becaufe the angles ago, dfo are right angles^ 
the fcluareS of ac, go will be equal to the fquare of Ao 
(II. 14.}) and the fquares of DF, Fo to the fquare of do. 

But the fquare of ao is equal to the fquare of oD 
(11. 2.)> confequently the fquares of ac, go will be 
equal to the fquares of df, fo. 

And fince oc is equal to of (llLDef, 80> the fquare 
of oc will be equal to the fquare of of (II. 2.} ^ whence 

G 2 the 
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the remaining fquare of ac will alfo be equal to the re« 
maining fquare of df ; or AC equal to df (IL 2^)9 
and AB to DE (I. Jx. 6.) 

Again, let the chord ab' be equal to the chord DE ; 
then will DC, o^, or their diftahces from the centre, be 
equal to each other. 

For the fquares of ac, go ate equal to ,tbe fquare of 
OA (II. I4.)5 an^the fquares of df, Fo to the fquare 

of OD. 

But the fquare of oa is equal to the fquar6 of oD 
(ll. 2«) ; therefore the fquares of ac, co are equal to the 
Squares of df, fo. 

. Andiince ac is the half of Ab (III* 3.)) and df is the 
half of DE (III. 3.)9 the fquare of At is equal to the fquare 
of DF (11. 2.) 

The remaining fquare of co is, therefore, equal totbe 
temaining fquare of fo } and confequently Co is equal to 
FO (II. 3.), as Was to be fliewn. 

CoROLL. If two right angled triangles^ having equal 
hypotenufes, have two other fides alfo equal, the re-» 
maining fides will likewife be equal, and the triangles will 
be equal in all refpefb. 


J?ROP. 
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PROP. IX. Th?orpm. 

A diameter i.s the greateft right line that 
can be drawn in a circle, and, of the reft, 
that which is nearer tb? centre is greater 
than that which is more remote. 



Let ABCD be a circle, of which the diameterls ad, 
and the centre o ; then if bc be nearer the centre tfban 
FG, AD will be greater than bc, and bc than fg. 

For dra^ oh, ok perpendicular to bc, FP (I. ixOj 
apd join OB, oc, OG and of. 

Then,becaufe oa is equal to ob ^*Def. 13.), and od 
to oc, AD is equal to ob and oc taken together. 

But OB, oc, taken together, are greater than bc (1. 18.) • 
therefore ad is alfo greater than bc. 

Again, the fquares of oh, hb are equal to the fquare 
of ob (II. 'i4.)j ^nd the ftiuares of ok, kf to the TquarQ 
of or. \ . 

But thcfquare of ob is equal to thefquare of of (II. 2.)"^ 
whence the fquares of oh, hb are equal to the fquare> 

of OK, KF. 

And fihce fg is farther from the ccntfe than bc ily 
Hyp.), OK will be greater than oh (III. Def. 9.), ^nd the 
fi^uare of ok tba^ the (quare of oh (II. i. j^ 

G 3 The 
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•n^a- s«r iimi im_ ipiaze of kf, and H9 gmiEr tban 


^^ sr ^ 'ICC oi^mile of BH, and fg is die dcoUe of 
-•^ *IL r. ' . nmcqucndy bc is aKb greater than fc. 

Q. E. D. 

PROP. X. Thio&em. 

A right line drawn perpendicular to the 
diatneter of a circle, at one of its cztrenii« 
ties, is a tangent to the circle at that point. 



Let A9C be a circle wlide centre is e, and diameter 
MK ; then if DB be drawn perpendicular to ab, it will be* 
a tangent to the circk at die point b. 

For in bd take any point f, and dniw ^ f, cutting the 
circumference of die circle in q. . 

Then, fince the angle ^bd is a right angle (hf Hyp.)^ 
the angles bef, efb will be each gf ^m leis tban a right 
angle (I. 28) 

And, becaufe iti^ greater £de of every triangk is op- 
pofite to the greater angle (1. 17.), die fide bf is greater 
than the fide eb, or its equal eg. 

But fipce ^^ is greatcx jhai^ k?, d»e pciint f. will fall 
Widiout die circle abc ^ and the fame m^y be il^wn of 
any odicr poinjt in ^jo, except ];* 

The 
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•The line BD) therefoie, cannotcut the Circle^ but rnuft 
fall wholly without it, and be a tangent to it at thf: point 
B, as was to be (hewn. 

ScHOLiVM* A right )ine cannot touoh a chrcle 
in more than one point, for if it met it in two points it 
would fall wholly within the circle (III. 2*) 

V 

PROP. XL Problem. 

From a given point to draw a tapgent to a 
given circle^ 



Let A be the given point, and fdc the given circlfe j 
it is required from the point a to draw a tangent to the 
circle fdc. ■ . * • 

Find £, the, centre of the circle ?dc (IIJ. i.)* ^^ 
join £A ; and from .the point £, at ilvs. diftance £a, 
xlefcribethe circle gab. 

Through the point d, draw pb at rig^tangles to ea 

(I* iiO) ^^^ P^^ £B) A^> and AC will be the tangent 
required, . % 

For, fihce £ is the centre of the circles fdc^ gab, ea 
is equal to ££» and ed to £C. 

And, becaufe the two fides £ a, £C, of the triangle eac, 
are equal to the two fides eb, EDy of the triangle ebd, 
and the angle £ common,, the angle £ca will alfo be 
equal to the angle £DB (I. 4.) 

G 4 But 
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But the angle sdb being & right angle, the angle scA 
is alfo a right angle ; therefore fince ac is perpen- 
dicular to the diaoieter £C, it will tou^h the circle fikt, 
smd be a tangent to it af the- point c (IIL lo.) 

Qi E. L 

PROP. XII. Theorem. 

If a right line be a tangent to a circle, an4 
another right line be drawn frona the centre 
to the point of contadl, it will be pcrpendiT 
cular to the tangent. 



j: 


Let the right line PE be a tangent to the circle asc at 
the point b, and, from the centre f, draw the right line 
FB ; then will fb be perpendrcular to de. 

For if it be not, let, if poflible, fome other right line 
FG be perpendicular to de. • 

Then, becaufe the angle fgb is a right angle {iyMyp.) 
the angle fbg will be lefs than a right angle (L '28. ) . 

And, fince the greater fide of every triangle is oppofite 
to the greater angle (1. 17^), the fide fb will be greater 
than the fide fg. 

But FB is equal to FC ; therefore fc will alfo be greater 
than FG, a part greater than the whole, which is im- 
poffible» * . 

The 
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The line fg, therefore, cannot be perpendicular to 
pt i and the (ame may be deraonftrated of any odier lin9 
bat FB } confequently fb is perpendiciHar to db. 

Q. E. D. 

PROP. Xin, Thborem. 

If a right line be a tangent to a circle, 
and another right line be drawn at right 
angles to it, from the point of contadt, it 
will pafs through the centre of the circle. 



Let the right line de b^ a tangent to the circle acb at 
the point B ; then if ab be drawn at right angles to de, 
froQi the point of conta£l B, it wilt pafs through the centre 
of the circle. 

For if it does not, let f, if poffible, be the centre of 
the circle ; and join fb. 

Then, fince de is a tangent to the circle, and fb is a 
right line drawn from the centre to the point of conta£^ 
the angle fbe is a right angle (lU. 12.) 

^ut the angle abe is alfo a right angle, by conftruc- 
tion ; whence the angle fbe is equal to the angle abb ; 
the lc& to the greater, which is impoffible. 

The point f, therefore, is not the centre; and the 

(ame may be fhewti of any other point which is out of 

the line ab ; confequently ab muft pafs through the 

centre of the circle, as was to be ihewn. 

FRO P. 
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PROP. 3fl[V. TheoRIE 


M. 


An angle at the centre of a circle is dou-i- 
ble to that at the iQpirc.un)ferenc?,. when both 
of then) (land upoji the fame arc^ . 


> . 




Let the angle bec be an angle -at the centre of the 
circle abc, and^BAC an angle at the circumference, bodi 
ftanding upon the fame arc bc ; then will the angle bec 
he double the angle bac* . . ^ ' 

. Firft, let E^ the centre of the circle* be within thf 
angle BAC* and draw A£, which produce to f. 

Then, becaufe ea is equal to eb, the angle ZA^ will 
far equal to the angle SB A (I. 5.} 

And, becaufe aeb is a triangle, the outward angle B£f 
N will be equal to the two inwavd oppoiite angles. EABi, eba, 
taken together (1. 18.) 

But fince the angles eab, bba, are equal to each other, 
they are, together, double the angle eab ; whence the 
angle' be p is alfo double the angle eab. 

And, in the fame manner it n\ay be (hewn, that the 
angle fec is double the angle bag s confequently. the 
whole angle beg will al(b be double tl^e whole Wangle 

BAG. 


Again, 
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Again^ ]et E, tbecentre of the circle ;AB9, fiill wi|i|out 
l^e angle BAG, glnd join ae« : .. .. i i ♦ 

Then, fince the angle bfe^qF the triangle Ef PgfUeqjw^l 
tQth6 angle cfA of t}ie triangle caf (L 15,} ,the;.re-^ 
plaining angles bef, fbe of the one, aie^.^.togedicry 
equal to the remaining angles fa^^ fca of.the:<ilher 

But the angle fbe k equal to the angle eaf (L ^.)^ 
^x^d the angle fca, or bc a, to tjhe angle bag . (L 5.) $ 
therefore the angles bef, £af, are, together, equal to ^ 
angles fac, eac. 

And, if the angle eaf, ^hich is common, be tak^n 
away, the remaining angle bef or bec, will be equal :t9 
twice the an^e ^ac, or bag, a$ was to be (hewp. . 

PROP. XV. Theorem, 

AH angles in the lame fegme|it of a circle 
fLfp equal to each other. 




Let abgd be a circle, and bac, bdc any two angles 
in the fame fegment bai>g ; then will the angles bac, 
|3DC be equal to each other. 

For, firft, let the fegment badc be greater* than a 
femicircle, and having found the centre £, join ,B£ 
j^nd £c. 

Then, 
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Then, fince an angle at the centre of a circle is double 
to that at the circumferenoe (lit. I4.}> the angle bac 
will behalf the -angle bsc. 

And, for the fame reafon, the angle bdc will} alfo^ bd 
hairi&e angle bbc. 

' Bttt tlnngs which are halves of the &me thing are equal 
to each other i confequently the angle bac is equal to th^ 
angle bdc. 

Again, let the fegtnent badc be not greater than a 
^femicircle: 

Then,.fince the right lines BD, ac inlerfe^ each other 
in P, the ^ngle bfa Will be equal to the oppofite angle 
»FC (1.15.) 

And becaufe the fegment abcd is greater than a f^mU 
circle, the angles abb, acd, which ftand in that feg^ 
fluent, are equal to each other {III. 15.) 

But fince the two angles bpa, abf of the triangle 
f^a» are equal to the two angles dfc,^ fcd of the tri- 
anglfe Dcr, the remaining angle baf, or bag, wiUalfo 
l)e equal to the remaining, angle- edc« .or bdc. ' . 

Qi E, D. 

PROP. XVI. Theorem. 
An angle in a fcmicircle is a right ?ihgle^ 



Let ABC be a femicircle ; then will any angle acb^ In 
that femicircle, be a right angle. 

2 For, 
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For, find the centre of the circle b (III. i.) and draw 
the diameter ced. 

Then^ becaufe an angle at the centre of a circle is 
double to that at the circumference {lit. 14), the angle 
AUX) will be double the angle acd. 

And, for the (ame reafon, the angle bed will be double 
the angle bci>. 

The angles aed, bed, therefore, taken together^ are* 
double the whole angle a^b* 

Sut the angles aed, bed, are, together, equal to tWQ 
right angles (L 13O i confequently the angle acb will be 
equal to one right angle. Q« £• D« 

CoRoLL. The angle bag, which ftands in a fegmeot 
greater than a femi-circle, is lefs than a right angle 

(I. 28.): ' 

And the angle bcf, which ftandfi in a fegmentle&^haa 

A femi-^cirCle, h greater than a right angle. 

* • ■ 

PROP. XVII. Theorbm. 

« 

The oppoiite angles of any quadrilater^ 
figure^ infcribed in a circle^ are equal to two 
fight angles. 



Let ABCD be a quadrilateral, infcribed in the circle 
ADCB } then will the oppofite angles bad, bcd, takei^ 
together^ be equal to two right angles. 

For, 
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• For, d#aw the diagonals ACy Bd^ and produce the fid^ 
BA to E» 

• Th^^ becaufe the outward angle of any triangle^ is 
equsil t6 die two inward oppofite angles taken tdgedier 
(L 28.)9 the angle £ ad will be equal to the angles ab0j 
AdB. 

An^, becaufe all angles in the faihe fegiiient of a circle 
«re-eq^ to each other (IIL i5,)) the angle abi> will 
be equal to the angle acd, and the angle adb to thd 
Mgle acb. 

^ ^e angle ead> therefore^ which is equal to the angles 
ABDi ABB5 taken together, will alfa be ^qual lo the 
iMgks ACDyACB^ taken together, or to thewhcdean^^ 

But the angles bad, bad, taken together, are equal 
f^ two right angles (1. 13. ) ; conli^uently the angles bcd^ 
BAD) taken together^ will alfo be equal to two ri^t 
angles. Qi E. D* 

CoKOLU If any fide ab» of the quadrilateral abcd« 
be produced, the outward angle bad will be equal to the 
kmsti oi>pofite angle BCJii» 


P R b ft 
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PROP. XVIIL Problem. 

Through any three points, not fituated in 
the fame right line, to defcribe the circum* 
ference of a circle. 



Let A, 8, c, be any three points, not fituated in the 
fame right line ; it is required to defcribe the circuizi^ 
ference of a circle through thofe points. 

Draw the right lines ab, bc, and bifed them widi 
the perpendiculars dh, eg (L to and ii.) ; and join de. 

Then, becaufe the angles fed, ti>b art lefs than 
' two right angles, the lines DM, EC will meet each 
other, in fomt point P {Qr. I. 25.) ; and that point will 
be the centre of the circle required. 

For, draw the lines fa, fb and rc« 

Then, fince ad is equal to PBy D^F common, and 
the angle Ar>F equal to the angle fob (I. 8.), the fide 
. Fa will alfo be equal to the fide f^ (I. 4.) 

And, in the fame manner, it may be ihewn, that ike 
fide fc is alfo equ^l to the fide fb. 

The lines fa^ fb and fc, are^ therefore, all equal to 
each other ; and confequently f is the centre of a circle 
which wiH pafs through the points A, B and c, as was to 
be ihewn. 

4 SCHO. 


^6 KLBMBNTS OP GEOMETRY; 

ScHO. If the fegment of a circle be given, and anjr 
three points be taken in the circumference^ the centre of 
the circle may be found, as above. 


« 


PROP; XIX. TriBdRBrt^ 

if the oppoiite angles cf a quadrilateral^ 
taken together, be equal to two right angles, 
a circle may be defcribed about that quadri* 
lateral* 



Let ABCD be a quadrilateral, wbofe oppoflte angles 
x>CB, PAB are, together, equal to two right angks : 
then may a circle be defcribed about that quadrilateral; 

For fince the circumference of a circle maybe de- 
fcribed through any three points (III. 18. }» let b be the 
centre of a circle which paiTes thifough thje points i), e 
B ; and draw the indefinite right line e^a. 

And if the circle does not pafs through the fourth point 
A, let It pafs, if poffible, through fome other point f, i^ 
the line £A, and draw .the lines i>f, fb, and bd. 

Then, fince the oppofite angles aro^ ocb are, toother, 
equal to two right angles (III. 17.), and the angles ba^, 
DCB are alfo equal to two right angles (^yiify^.), the 
angles bfp, dcb will be equal to the angles baj>, pcb. 

And 


I 
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» And if Trom each of thefe equals there be talcen the 
angle dcb, which is common to both, the remaining 
angle bad will be equal to the remaining angle bfd ; or, 
which IS the fame thing, the two angles dfe, efb will 
be equal tp the two angles. dab, eab, which is im* 
poffible (I. 16.) 

The circumference of the circle, therefore, cannot paft 
through the point f ; and the fame may be demonftrated 
of any other point in the line ea, except the point a ; 
whence a circle may be defcribed about the quadrilateral 
ABCD, as was to be fhewn. , 

PROP. XX. Thiorjcm. 

Segments of circles, which iland upon 
equal chords, and contain equal angles, are 
equal to each other. 




Let ACB> vfB be two fegments of circles, whkh ftand 
upon the equal chords ab, D2, and contain equal angles ; 
then w31 thofe fegments be equal to eiach other. 

For let the fegment dfe be applied to the fegment ACB, 
fo that the point p may fall upon the point a, and the line 
DB upon the line ab. 

Then, ftnce d% is equal to ab (by Hyp.)^ the point s 
will fall, upon the point B, and the two fegments will co* 
incide with each other. 

H For 
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For if they do not, there muft be fome point, in thecir- 
cumference of one of them, which will fall either within 
or without the other. 

Let the point f, in the circumference of the circle df£> 
bt that point, which, fuppofe to fall at g withki the circle 
ACB ; and draw the lines ago, bc arid bg. 
^ Then, Hnce the outward angle age, of the triangle 
.BCG, is greater than the inward oppofite angle gcb, k 
Will alfo be greater than the angle dfe, which is €qual 
la GCB, or ACB {by Hyp.), 

But the angle agb is alfo equal to the angle ofe, h^ 
caufe the fegments in which they ftand are identical ^ 
whence they are equal and unequal at the fam^ time, 
which is abfurd. - 

The point F, therefore, cannot fall within the circle 
ACB ;' and in the fame manner it may be {hewn that it 
Cannot fall without it ; confeauently the fegments muft 
coincide, and be equal to each ot^er. Q. £• D* 

CoROLL. Segments of circles, which ftand upon equal 
chords, and contain equal angles, have equal circum- 
ferences. "* 


PROP. 
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PROP, XXI, Theorem. 

( 

In equal circles, equal angles fland upon 
equal arcs, whether they be at the centres 
or circumferences ; and if the arcs be equal, 
the angles will be equal. 




Let ABC) DEF be two equal circles, having the angl«» 
AGB, DHE, at their centres, equal to each other, as alfa 
the angles acb, dfe, at their circumferences ; then will 
the arc akb be equal to the arc dle. 

For, join the points ab, de : then, fince the cir- 
cles are equal to each other {by Hyp,)^ their radii and 
circumferences wiU alio be equal (III. 5.) 

And, (ince the two fides AC, gb of the triangle abg, 
are .equal to the two fides dh, he of the triangle deHj 
and the angle agB to the angle dhe {ly Hyp.)y their 
bafes ab, D£ will likewife be equal (I. 4*) 

The chord ab, therefore, being equal to the chord de, 
and the angle acb to the angle dfe {hy Hyp^)^ the arc 
BCA will alf6 be equal to the arc efd {Cor. III. 20.) 

But fince the whole circumierence of the circle abc, is 
equal to the whole circumference of the circle def, and 
the arc bca to the arc hfD^ the arc akb wiU alfo be 
equal to the arc dle. 

H 2 Again, 


y 
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Again, let the arc akb be equal to the arc dle ; then 
will the angle agb be equal to the angle dhe, and the 
angle acb to the angle df£. 

For, if AGE be not equal to dhe, one of them muft 
be greater than the other; let agb be the greater; and 
make the angle agk equal to dhe (I. 20.) 

Then, fince equal angles ftand upon equal arcs (III. 
21.}, the arc ak will be equal to the arc dlb* 

But the arc dle is equal to the arc akb {by Hyp,) ; 
whence the arc ak is alfo equal to |he arc akb ; the lefs 
to the greater, which is impoffible. 

The angle age, therefore, is not greater than the 
angle dhe ; and in the fame manner it may be proved that 
it cannot be lefs ; confequently they are equal to each other. . 

And fmce angles at the centre are double to thofe at 
the circumference, the angle acb will alfo be equal to 
the angle DFE, Q. E. D. 

PROP. XXII. Theorem. 

In equal circles^ equal chords fubteud 
equal arcs, the greater equal to the greater, 
and the lefs to the lefs ; and if the chords be 
equal the arcs will be equal. 




Let abc; DBF be two equal circles, in which the 
chord ab is equal to the chord db; then wiH the arc 

ACi 
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ACB be equal to the arc dfe, and the arc akb to the 

arc DLE. ' 

' « . 

For, find g, h, the centres of the circles (IIL i.), 
and join ga, cb, hd and he. ^ '^ 

Then, fmce the circles are equal to each other {hj 
Hyp') their radii and circumferences will alfo be equal 

(III. 5.) 

And, fince the fides AG, CB are equal to the fides 
DH, HE, and the bale ab to the bafe de [hy Hyp.)^ the 
angle acb will alfo be equal to the angle pHE,(I..2X.)" • 

But equal angles, at the centres of equal circles, ilan4 
upon equal arcs (III. 21.) i therefore the arc akb is equal 
to the arc dle. 

And fince the whole circumference of the circle a^c is 
equal to the whole circumference of the circle def, 9n4 
the arc akb to the arc ple,, the arc ac3 will alfo be 
equal to the arc dfe. 

Again} let abc, pef be two equal circles, ofwhiohv 
the arc akb is equal to the arc dle ; then will the chord 

* 

ab be equal to the chord de. 

For let G, H be the centres of the circles, found as be« 
fore } and join AG, gb, dh and he. 

Then, fince the circles are equal to each other [by 
Hyp.)^ the radii AG, gb will be equal to the radii dh, 

HE (III. 5.) 

And becaufe the arc akb is equal to the arc dle [by 
Hyp.)^ the angles agb, dhe, at the centres, will be 
e^ual (III. 11.) 

Byt, fince the two fides AG, gb arc equal to the two 
fides dh, he, and the ap^I^ a^gb to the angle dhe, th^ 
kafe AB will alfo be equal to the bj|fe de ( I. 4. ) Q. E, D. 

H 3 PROP. 
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PROP. XXIII. Problem. 

X6 bifcft a given arci that is, to divide it 
into two equal parts* 



Let AM ht the given arc ; it is required to divide it 
into two equal parts, 

; Draw the right line ajb, which bifefl; in c (I. lo.) i ^"^^ 
from the point c, ereft the perpendicular CD (I. ii.) i 
then will the ^rc adb be bife£ted in the point o, as was 
required. 

For, join the points ad, Db : then, fince the two 
fides AC, CD, of the triangle adc, are equal to the two 
fides BC, CD of the triangle bdc, and the angle acd to 
the angle set) (I. 8.)> ^he bafe ad will be equal to the 
bafe db (I. 4.) 

And, becaufe dc, or dc produced, pafles through the 
centre of the circle (III. i Cor.)y the fegments adb, 
DBF will be each of them lefs than a femicircle. 

But equal chords are fubtended by equal arcs, the 
greater equal to the greater, and the lefs to Ae lefs (III. 
22O } whence the chord ad being equal to the chord i>B^ 
the arc aep will be equal' to the arc dfb* 

CLE. I. 
Scholium. An arc of a circle cannot, in general, be 
trifefted, or divided into three equal parts, by any known 
method, which is purely^ eometricaL 

PROP, 
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PROP. XXIV. Theorem. 

The angle formed by a tangent to a> cir* 
cle and a chord drawn from the poinf of 
contafl', is equal to the angle in the altera 
natc fegment. 



'LftBcbe a tapgetit to the circle afde^ and a£ a 
^choifd. drawn from the point of conta£^^ then will the 
ajpgle CA£ be equal: to the angle afe in the alternate 
fegment. 

For draw the diameter ad (III. i.) and join the 
po^ts F, D : 

Then> becaufe bc is a tangent to the circle, and Aa> 

is a .lin^ drawn through the centre, from the point of 

contaft, the angle dac will be a right angle (III. 12.). . 

. And* becaufe afd is a femi-circle, the angle dfa will 

sdfa be a right angle (III. 16.), and equal to the angle 

DAC.. 

But fince all angles in the fame fegment of a circle 
are ^qual to each other (III. 15.), the angle dF£ will be 
equal to the angle dae. * 

If, therefore, from the equal angles dac, dfa, there 
be taken the equal angles dae, dfe, the remaining angle 
CAE will be equal to the remaining angle afe. 

Qi E. D. 
H 4 PROP, 
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PROP. XXV. Problem. 

Upon a given right line to dcfcribc a fcg- 
tnent of a circle, that fhall contain an angle 
equal to a given reAilineal angle. 




Let AB be the given right h'ne, and c the given refits- 
lineal angle ; it is required to defcribe a fegment of a cir« 
cle upon the line ab that fhall contain ah angle equal to c. 

Make the angle bad equal to c (I. 20.)> and, from 
the point a, draw ae at right angles to ad (L !!•)', 
tand make the angle abf equal to the angle fab 
(I. 20.) 

Then, fince the angles abf, fab, are equal to each 
other, and lefs than two right angles, the fides ap, fb 
will meet, and be equal to each other (I. 25 Cor. andL6») 

From the point f, therefore, at the diftance fa, or 
FB, defcribe the circle aeb, and ab£A will be the feg* 
ment required. 

For let AF be produced to cut the circle in £ 9 and 
join the points £, b. 

Then, becaufe ad is perpendicular to the diameter A£, 
it will be a tangent to the circle at the point A (III. 10.) 

And, becaufe. ad touches the circle, and ab is a 
chord drawn from the point of conta<5t:, the angle bad 

will 
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wjjl be equal to the angle aeb in the alternate fegment 

(in. 24.) . 

But the angle bad is equal to the angle c, by cpn- 
ftru£tion ; confequently the angle aeb is alfo equal to 
the angle c. Q^ E. I, 

Scholium. When the given ahgle is a right angle, a 
fcmi-circle defcribed upon the given line will be the feg- 
ment required (III- 16.) 

PROP. XXVL Problem. 

Ta cut off a fegment from a given circle, 
that (hall contain an angle equal to a givea 
rcftilineal angle. 




Let ABC be a given circle, and d a given re(Siline^ 
angle 5 it is required to cut ofF a fegment from the circle 
ABC, that (hall contain an a;igle equal to d. 

Draw the Ugbt line ef, to touch the circle abc in the 
point A (III. ic), and make the angle fab equal to the 
angle D (L 20.) ; then w^ill abc A be the fegment re- 
quired. 

For, fmce ef is a tangent to the circle, and ab is a 
chord drawn from the point of contaft, the angle fab 
wil} be equ^i) to the angle acb in the alternate fegment 

(in. 24.) 

But 
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But the angle fab is equal to the angle d, by con* 
ilru'£tion ; confequently the angle acb, in the fegment 
ABCA, IS alfo equal to the angle d. Q. £. I. 


PROP. XXVII. Theorem. 

If two right lines in a circle interfedl each 
other, the redtanglc contained under the feg- 
ments of the one, will be equal to the re£t- 
angle contained under the fegments of the 
other. 



Let AB, CD be any two right lines, in the circle acbd, 
interfering each other in the point f ; then will the re<3- 
angle contained under the parts af, fb of the one, be 
ckpial to the redangle Contained under the parts cf, fd 
of the other. 

For, through the point F, draw the diameter Hi (III. 
X.) ; and, from the centre £, draw bg at right angles to 
AB (T. 12. )i and join ae : 

Then, finee aef is a triangle, and the perpendicular 
EG divides the chord ab into two equal parts (III. 3.), 
the line fb will be equal to the difference of the fegments 

AG, GF. 

And, becaufe E is die centre of the circle, and ae is 
equal to El or eh, the line fi will be equal to the fum of 

I the 
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the fides aE and £F j and fh ^ill be equal to their dif- 
fcrence. 

But the reSangle under the fun^ and difference rf the 
two fides of any triangle^ is equal to the re£bmgle under 
the bafe and the difference of the fegments of the bafe 
(Cor. 11. 16.) 5 whence the reflangle of if, fh is equal 
to the rcftangle of af, fb. 

And, in the fiiine manner, it liiay be proved, that the 
re£btngle of if, fh, is equal to the redlangle of df, fc :. 
confequently the re£langle of af, fb is alfo equal to the 
re(^angle of df, fc. • 

Q. E. D- 

Scholium. When the two lines interfeft each other 
in the centre of the circle, the rectangles of their fegments 
will manifeffly be equal, becauie the fegments themfelves 
(ire all equal. 


• > » 


p k o p. 
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P R O P/ XXVIII. Theorem. 

• ■ 

If two right lines be drawn from any 
point without a circle, to the oppofite part 
of the circumference, the redanglc of the^ 
whole and external part of the one, will be 
equal to the redtangle of the whole and 
external part of the other* 



Let ABFB be a cirde, and ac, bc any two right lines, 
drawn from the point c, to the oppofite part of the cir- 
cumference ; then will the redlangle of AC, cd bc eqaal 
to the rcftanglc of 8c, cf. 

For, through the centre K, and the point c, draw the 
right line CH ; and, from the point £, draw £G at right 
angles to ac (I. I2.)9 and join ae. 

Then, fince aec is a triangle, and the perpendicular 
^G divides the chord ad into two equal parts (III. 3.)> the 
line DC will be equal to the difference. of the fegments 

AG, CC. 

And, becaufe E is the centre of the circle, and ae is 
equal to £H> or £i, the line hc will be equal tothefum 
of the fides A'E, ec, and ic will be equal to th«ir 
difference. 
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But the rq&angle under the ium and difference of the 
two fides of any tf iangle, is equal to the reSangle under 
the bafe and the difference of the fegments of the bale 
{Cor» II. 16.) f whence the reftangle of^C, ci is equal 
to the rectangle of A Cy CD. 

And, in the fame manner, it may be proved, that the 
re£tangle of «€, ci is a]fo equal to the re£bngle of 
CB, CF : confequently the redangle of ac, cd will be 
equal to the re£bingle of CB, cf. Q; £• D. 


PROP. XXIX. Theorem. 

If two right lines be drawn from any 
point without a circle^ the one to cut it^ 
and the other to touch it ; the reftangle of 
the whole and external part of the one^ will 
be equal to the fquare of the other. 



Let CB) CA be any two right lines drawn from the 
point c, the one to cut the circle adbg, and the other 
to touch it ; then will the reftangle of cb, cr b« equal 
to the fquare of ca. 

/of, 
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For, find s, the centre ^of the circle ^IIL t.)^ and 
through the points e, c draw the line ceg.; and joiii ea: 

Then^ fince ac is a tangent to the circle, and ea is a 
Ime drawn from the centre to the point of contaft, die 
angle cae is a right angle (IIL 12O 

Ands becftuie ea is eqaal to eg, or ed^ tfae line co 
will be equal to the fum of ea, ec, and C9 will be ^xpul 
to their difSerence. 

Since, therefore, the refbngle under the -ium and dif- 
ference of any'two lines is jequal to the difference of their 
fquares (II. 13.), t^eredangleof CG, cd will be equal 
to the difference of the Iquares ofcE, ea^ 

But the difference of the fquares of ce, ea is equal to 
die/quate of ca {Cor^lt. h*}^ therelbre the re<3angle 
of CO, CD will alfo be equal to the fquare ofcA. 

And it has been (hewn, in the laft propofition, that the 
reflangte of CG, CD is equkl to the redangle of CB, cf ; 
confequently the re£bingle of cb, cf, will iXo be equal 
to the fquare of ca. D« £. D. 


w 


PROP. 
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PROP. XXX. Theorem. 

If two right lines be drawn from a poiat' 
without a circle, the one to cut it, and thp 
other to meet it ; and the rcftangle of the 
whole and external part of the one be equil 
to the fquare of the other, the latter will be 
a tangent to the circle. 



Let aB, AC be two right lines, drawn from any point 
A, without the circle cbd, the one to cut it, and the 
other to meet it ; then, if the redangle of ab, ae be equal 
to the fquare of ac, the Hhe ac will be a tangent to the 
circle. 

For, let F be the centre ; and from the point a draw 
AD to touch the circle a,t d (III. lo.) ; alfo join fd, 

FA, FC. 

Then, fince. ad is a tangent to the circle, and aeb 
cuts it, the redlangle of ab, ae is equal to the fquare of 

But the reSangle of ab, ae is alfo equal to the fquare 
of AC {by Hyp.) ; whence the fquare of ac is equal to the 

fquare of ad, or ac equal to ad (II. 3.) 

And, 
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And, becaufe fc is equal to fd, ac to ad, and af 
common to each of the triangles afc, afd, the angle 
ACF will alfo be equal to the angle adf (I. 2i.} 

But, fince ad touches the circle, and df is a line drawn 
from the centre to the point of contact, the angle adf is a 
right angle (III, 12.) 

The angle acf, therefore, is alfo a right angle ; and 
CF produced is a diameter of the circle. 

And fince a right line, drawn from the end of the dia» 
meter, at right angles to it, touches the circle (III. 10.), 
AC will be a tangent to the circle cbp> as was to be 
ihewn. 
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BOOK IV. 

I 

DEFINITIONS. 

I. One redilineal figure is faid to be infcribed in ano-^ 
ther, when all the angles of the one are in the fides gf 
the other. 



2. One redilineal figure is faid to be defcribed about 
another, when all the fides of the one pafs through the 
angular points of the pther. 



3. Areftilineal figure is faid to be infcribed in a circle, 
when all its angular points are in the circumference of 
the circle. 



4. A re£Ulineal figure is faid to be defcribed about a 
circle, when each fide of it touches the circumference of 
the circle. 


5. A 
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5* A circle is (aid to be infcribed in a rectilineal figure^ 
when its circumference touches every fide of that figure. 



6. A circle is faid to be defcribed about a reftilineal 
figure^ when its circumference pafTes through all thr 
angular pohits of that figure. 



7« A rigliK Kne is fald to be placed, or applied, in a cir- 
cle, when the extremities of it are in the circumference 
of the circle. 



Z0 AQ plane figures contained under more than four 
fides are called polygons ; and if the angles, as well as 
iidts, arc dl e^ual> they are called regular polygons. > 



9. Polygons of five fides, are called pentagons ; thofc 
of fix fides hexagons j thofc of feven heptagons ^ and 
fe on. 


PROF. 
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PROP. I. Problem. 

To place a right line in a given circle^ 
equal to a given right line, not greater than 
the diameter of the circle. 



Let aMc be a given circle^ and d a giv^n right line^ 
hot greater than the diameter ; it is required to place a 
line in the circle abc that fhall be equal to D. 

Find £} the centre of the circle (III. i.)» and draw 
any diameter ab 3 then if ab be equal to d the thing 
required is done. 

But if not^ nuke ae equal to d (I. 3,) ; and from the 
point A» at the diftande ae, defcribe the circle fec, cut- 
ting the.former in c. 

Join the points a, c ; and ac will be equal to d, ^ 
was required. 

For fince a is the centre of the circle abc, ac is equal 
to AE- . 

But D is s^lfo equal to ab, by conftrudion: whence 
AC is, likewife, equal to d. 

In the circle abc, therefore, a right line has been 
^aced equal to d, which was to be done. 


la PROP. 
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PROP. n. Problem. 

To infcribe a triangle in a given circle, 
that fhall be equiangular to a given triangle. 




Let ABC be the given circle, and def the given trian-^ 
gle ; it is required to infcribe a triangle in the circle abc, 
that ihall be equiangular to the triangle def. 

Draw the right line gh to touch- the circle ABC in 
the point c.(IIL lo.) 5 and, make the angle hcb equal to 
the angle i> (I. 20.), and the angle oca to the angle e ; 
and join ab ; then will acb be the triangle required. 

For, fince the right line gh is a tangent to the.circle, 
and CB is. a chord drawn from the point of contad, the 
angle hcb will be cqu^l to the angle cab in the alternate 

fegment (III. 24.) 

But the angle hcb is equal' to the angle d, by con- 
ftruiSion; therefore the angle cab is alfo equalto the 
angle d. 

And, in the fame manner, it may be proved, that the 
angle cba is equal to the angle b. 

But, fmce the angle cab is equal to the angle d, and 
the angle cba tq.the angle E, the remaining angle .acb 
will alfo be equal to the remaining angle f {Cor. 1. 28.)> 
and confequently the triangle acb is equiangular to the 
triangle def. Q^ E. D. 

PROP. 
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PROP. III. Problem. 

To circumfcribe a triangle about a given 
circle, that fhall be equiangular to a given 
triangle. 




» E F'na * K 


Let ABC be the given circle, and D£F the given tri* 
angle ; it is required to circumfcribe a triangle about the 
circle abc that fball be equiangular to the triangle def. 

Produce the line ef to g and h ; and, at the centre i, 
make the angles aib, big equal to the angles deg, dfh 
(1. 20.) ; and draw the lines mk, kl, lm, to touch the 
circle in the points a, b, c (III. 10.) ; and join ab. 

Then, fince the angles iak, kbi, are, each of them, 
a right angle (III. 12.)) the angles bak, kba, taken 
together, will be lefs than two right angles. 

But when a right line interfefts two other right lines, 
and makes the two interior angles, on the fame fide, to* 
gether lefs than two right angles, thofe lines will, if pro- 
duced, meet each other (I. 25. Cor.) 

The line mk, therefore, meets the line kl j and, if 
A, c, c, B be joined, the fame may be proved of the lines 
KL, LM and MK ; confequently the figure kim is a 
triangle. 

And, becaufe the four angles of the quadrilateral aibk.. 
a(e equal to four right angles {Cor. 1. 28.}, and the angles 

1 3 IAK, 
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lAK, KBi are each a right, angle, the remaining angles 
AiB^ BKA will be equal to two right angles. 

But the angles dec, def are alfp equal to two right 
angles (1. 13O ; therefore, fmce the angle deg is equal 
to the angle aib {byConft.)y the remaining angle bka will 
be equal to the remaining angle def. 

And, in the (ame manner, it may be proved, that the 
angle clb i9 equal to the angle dfe. 

Tlie angle mkl, therefore, being equal to the angle 
DBF, and the angle mlk to the angle dfe, the remain- 
ing angle kmx will alfo be equal to the remaining angle 
edf ; and confequently'the triangle klm is equiangular 
$0 the triangle efd. Q» £• tiw 

PROP. IV. Problem. 
In a given triangle to infcribe a circle. 



Let ABC be the given triangle ; it is required to inscribe 
jL>circle in it. 

Bifefl the angles cab, abc, with the right lines ad, 
M (I. 9.) 

Then, iince the angles dab^ d.ba are lefs tban two 
right an^Ies>(I. 28.)> the linn Ai>> db, will, if produced, 
ineet each other (I. 25. Or.) 

Andi if from the point of interieftion d, there be drawn 
the perpendiculars of, hg and de, they will be the radii 
of the circle required. 

For, 
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For, fmce the angle sad is equal to the angle dap 
{by Cmft.)^ and the angle AEp to the angle dfa, (being 
each of them right angles), the remaining angle eda will 
alfo be equal to the remaining angle adp (I. 28. Car J) 

The triangles ade, paf, therefore, being equiangular^ 
and having the fide Ap common to both, the fide d£ will 
alfo be equal to the fide df (L 2I«} 

And, in the fame manner, it may be proved, that the 
^de DG is equal to the fide PF. 

The right lines de, dg and DF are, therefore, al! equal 
%o each other ; and the angles at the points f, e wSl o 
jare right angles, by conflrudion. 

If, therefore, a circle be defcribed from ^ centre D^ 
with either of the diftances de, bg or df, it will touch 
the fides in the points £, g, f (III. lO.) ^nd be infcribed 
in the triangle abc, as was to be done. 

P R. O P, V. P*0«tEMf 

To circumfcrib? a circle about a given 
triangl?, 



Let ABC be the given triangle ; it is required to cir- 
(:Ufnfcribe a circle about !(• 

BifeS the fides AC, CB with ^e perpendiculars pfji £F 
(L|0iMii*}j and join DF, 

I 4 Then, 
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Then, fince the angles £df, df£ are \t& than two 
right angles {hy Conji.)^ the lines de, cf will meet each 
other (I. 25. Cor.) 

Let £y therefore, be their point of interfe£tion, and 
draw thie lines ea, ec an4 ef. 

Then, becaufe ad is equal to dc {byConJi.)^ be com- 
mon, and, the angle ade equal to the angle edc (being 
each of them right angles), the bafe ae will alfo be equal 
to the bafe eg (I. 4.) 

And, in the fame manner, it may be proved, that eg 
is equal to eb 3 confequently e a, eg and eb are all equal 
to each other. 

If, therefore, a circle be defcribed from the point e, at 
either of the diftances ea, eg or eb, it will pafs through 
the remaining points, and circumfcribe the triangle abc, 
as was to be done. 

PROP. VI. Problem. 

To infcribe a fquare in a given circle. 



Let ABCD be the given circle ^ it is required to in- 
fcribe a fquare in it. 

^Through £, the centre of the circle, draw any two 
diameters ag, bd at right angles to each other (1. 11, i2*)> 
and join ab, bg, cd and da^ then will bcda be the 
(quare required. ' 

2 For 
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For fince the two fides be, ea, are equal to the two 
fides SD, EA, and the angle be A to the angle aed, (be- 
ing each of them right angles), the bafe ba will be eqaal 
to the bafe ad (I. 4,} 

And, in the fame manner, it may be proved, that the 
fides BC, CD are each equal tOxthe fides ba, A9 ; whence 
the figure bcda is equilateral. 

It is alfo reftangular : for fince bda is a femi-circley 
the angle bad is a right angle (III. 12.) 

And, for the fame reafon, the angles abc, bcd and 
CD A are each of them right angles. 

The figure bcda, therefore, being equilateral, and 
having all its . angles right angles is a fquare, and it is 
infcribed in the circle abcd, as was to be'done. 


PROP. Vn. Problem. 

To circumfcribe a fquare about a given 
circle. 


V I 

S^ ^ 

B 

^ 
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Let abcd be the given circle ; it is required to circum- 
fcribe a fquare about it. 

Draw any two diameters ac, bd at right angles to 
each other (1. 11, I2.) ; and through the points a, b, c, d, 
draw the tangents kf, fc, ch, hk (III. \o.)\ and 
join AB. 

Then, 
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Then^ fince the ang^s b Af , £9F ar^^ each of Aenii 
righ^ angles (III. it.)\ the angles fab, fba will be» to« 
gether, le& than two right angles ; whence the lines kf^ 
FG will meet each other (I. 25. Corn) 

And, if ^t points a,d, d^c and c,b be joined, it may 
jbe proved, in like manner, that all the other lines fK^ 
KH, HG and GF will meet each other. 

And, flnce the angles at the points a, b, p, d are ^-ight 
angles (III. ii*)^ as alfo the angles at the points {by 
pu^«}, the figure fh, and all the parts into which if is 
divided^ will be parallelogranis (L22, 23.) 

Sut the pppofite fides of parallelograms are equal to 
tacb other (I. 30.) ; whence the fides fg, on^ hk and 
|CF^ being each equal to ihe diameter ac, or Bp^ the 
figure FH will be equilateral. 

It is, alfo, reAangular : for fince fe is a parallelognmii 
and BE A i& a right angle {hyCon/i,)^ th^ anglp f will| 
alfo, be a ri^ht angle (I. iS.Cor.^ 

And, in the fame manner, it may be proved, 4^tt the 
angles G, H and k are right angles. 

The figure fh, (therefore, being eqiiilateral, and haf r 
ing all its angles right angles, is a fquare ^ and it is cir? 
cumfcribed about the circle abcp% as was to be done* 


PitQPt 
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PROP. VIII. 


To infcrlbe a circle in a given fquare. 


A T T> 


5 


B 


H 


JLrCt ABCD be the given fquare j it is required tp in"^ 
fcribe a circle in it. 

Bife£); the fides ad, ab In the points f and 6 (L io*)» 
anddraw/FH, gk parallel to ab and ad (I. 27,); then 
vrill the point of iiiteifeftion £ be the centre of the circle 
required. 

For, fince as is a parallelogram (iy.Con/i.)^ the fide 
af will be equal to the fide ge, and the fide AG ta 
the fide ef (I. 30.) 

But the fide af is equal to the fide AG, (being each of 
^hem equal to half the fide of the fquare ad or ab), 
' whence the Ade ge will alfo be equal to the fide ef. 

And, in the fame manner, it may be proved, that he, 
EK are each equal to qe and ef. 

The lines ef, eg, eh and ek are, therefore, alleqiud 
to each other s and the angles at the points f, g, h and k 
are right angles, by the nature of parallel lines. 

If, therefore, a circle be defcribed from the point e, at 
(he diflance ef, EG, EK or ek, it will pafs through the 
remaining points, and be infcribed in the fquare^ ac, as 
was to be doiie< 


PROP. 
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PROP. IX. 

To circumfcribe a circle about a given 
fquare. 



Let ABCD be die given fquare ; it is required to cir- 
cumfcribe .it with a circle. 

Draw the diagonals ac, bd, and the point of inter- 
iedion E will be the centre of the circle required. 

For, iince the fides da, ac are equal to the fides 6a, 
AC9 and the bafe Bc to the bafe cd, the angle dag will 
be equal to the angle cab (I. 7.) : that is, the angle bad 
will be bife&ed by the line ac. 

And, in the fame manner, it may be proved, that all 
the other angles of the fquare are bifeded by the lines 
DB and CA. 

But the angles cda, dab, being right angles, are equal 
to each other; whence the angles eda, ead are alfo 
equal to each other; and confequently the line £D is 
equal to the line ea (L 7.) 

And, in like manner, it may be (hewn, that the lines 
£B, EC are each equal to the lines ed, ea -, whence the 
lines EA, £B, EC and ed are all equal to each other. 

If, therefore, a circle be defcribed from the point £, at 
either of the diftances ea, eb, ec or £p, it will pafs 
through the remaining points^ ^nd circumfcribe the fquare 
Ac^ as was to be done. 

« 

PROP, 
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PROP. X. Problem. 

To ipfcribe an ifofceles triangle in a given 
circle, that fhall have each of the angles at 
its bafe double the angle at the vertex* 



Let ABC be the given circle ; It is required to infcribe 
an ifofceles triangle in it, that fhall have each of the an- 
gles at its bafe double the angle at the vertex. 

Draw any diameter C£, and divide the radius Dfi in 
the point F*fo, that the re£langle of de, £f may be equal 
to the fquare of fd (II. 22.) 

From the point e apply the right lines ea, eb each 
equal to fd (IV. i.), and join ab, ac, cb; then will 
ABC be the triangle required. 

For, through the points d, f, b defcribe the circle 
BDF (III. 18.), and draw the lines bd, bf. 

Then, fince the redlangle de, ef is equal to the fquare 
of FD, or its equal eb, the line £B.will touch the circle 
ftDF, at the point b (III. 30.) 

And, becaufe eb is a tangent to thie circle, and bf is a 
chord drawn from the point of contact, the angle ebf 

will be equal to the angle fdb in the alternate fegment 

(III. 24.) 

And 


J 
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And if, i6 e^h of thefe angles, there be added tKe 
aiigte FBD, the whole dngle buz or tM will be equal to 
the angles jfdb, #bd', taken together; 

But the angle hht ii equal to the ingle deb or feb 
(I. 5.), aiid the ahglei fob, fb0 to the angle efb (1. 28. ) i 
tvhence the angle fxb will ht eqtial t6 the angle efb, and 
the fide tB to the fide £if (I: $-) 

And finte eb is eqilal to Fd, by tonftriiftioii, bf will 
alfo be equal to tti and the angle fdb to the angle 
fbd (I. 5.) 

Thefe two ahgleSj therefore^ takeii together, are dou* 
ble the angle fdb ; whence the angle sfb^ or its equal 
f £B| is alfo double the angle fdb* 

But the angle feb^ or ceb^ is equal to the an^ cab 
(III. 15.}, and the angle jfDB, or edb, to the angle acb 
(III. 14. and I. Ax. 6.); coafequently the angle cab is 
alfo double the angle acb: 

And^ fince eac, ebc are right angled triangles (II!« 
16O9 having ea equal to sb [hy Ganft.) and ec com-^ 
mon, the remaining fide ac will be equal to the remain* 
ing fide gb (III. 8. Cor,) 

The triangle abc^ therefore, is ifolceles, and has each 
of the angles at its bafe double the angle at die vertex; 
as was to be ibewn* 


PROP. 
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V KO ?i XI. Problem. 

tn a given circle to ihfcribe a regular peB« 
tagon. 



Let CDASE be the gitren circle ; it h required lo in^ 
fcrihe a regular pentagon in it. 

Make the iroiceles triangle abc fuch, that each of the 
angles cab, cba may be double the angle acb (IV. lo.) 

fiiied the angles cab^ cba with the lines ae, bd (L 
g.)j and join the points ad, dc^ cs, £B; then will 
abbcd be the pentagon required* 

For, fince the angk9 cab, cba 'are each double die 
angle acb {by (hnfi.)^ and the lines ae, bd bifed themt 
the angles acb, cae, eab, abd and dbc are all equal 
to each other. 

And fince equal angles ftand upon equal circumferemrer 
(III. 21.}, tiiearcs cd, da, ab, be and ec are alio equal 
to each olher^ 

But equal arcs are fubtended by equal chords (111.22:) } 
con&quentiy the fides cd, da^ ab, be. and ec are, like- 
Wife, equal. 

The figure abbcd is, therefore, equilateral ; and it is 
alfo equiangular^ 

For, fince the arc cD is equal to the arc be, to each 

of them add Dab, and the arc cdab will be equal to the 

arc DABE« 

2 But 
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But equal angles are fubtended by equal arcs (III. zi.}y 
whence the angle ceb is equal to the angle dce. 

And, in the fame manner, it may be fhewn, that each 
of the angles cda, dab, abb are equal to the angle 
CEB or DCE. 

The pentagon abecd, therefore, is both equilateral 
and equiangular ; and it is infcribed in the given circle^ 
as W4S to be done* 


PROP. xn. 

About a given circle to defcribe a regular 
pentagon. 



Let ABCDE be the given circle ; it is required to cir« 
cumfcribe it with a regular pentagon. 

Inicribe the regular pentagon deabc (IV. ii.}, and 
through the points a, b, c, d, e, draw the tangents fg, 
GH, HK, KL and LF ; alfo join the points o. A, o,b, o,c, 
0,D and o, E. 

Then, fince the angles obf, oaf are right angles (IIL 
12.)) the angles o£ A, oae, taken together, are lefs than 
two right angles; whence the lines lf, fg will meet 
each other (I. 25* Cor.) 

And, in the fame manner, it may be proved, that all 
the other lines fg, gh, hk, kl and lf will meet each 
other. 

And, 


/ 


book: THE FOURTH. 12^ 

Anij fipce jQ£, OA and ob are all equal to each cther^ 
and £A i$ equal to ab, the angles oea, oae^ oab and 
09A will be all equal to each other (I* 7.) 

Sut the angles at the points £, a, b are alio equals 
being each of them right angles (III. 12.) ; con&quently 
the angles A£F, eaf, bag and abg are likewife equal ^ 
and the angle f equal to the angle c (I. 2i.) 

Andy in the faoie manner, it may be Ihewn, that the 
angles o, h, k, l and f are all equal to each other* 

Since, therefore, the triangles efa, agb, &c« ^are 
equiangular, and have their bafes ea, a«, &c. equal tm 
eacli other, the remaining fides ef, fa, ag, gb, &c« 
will alfo be equal (I. ai.) : 

And fmce LF, fg, &c. are the doubles of CF, fa, &c« 
the figure fghkl is a regular pentagon ; and it is circum-^ 
fcribod about the circle abcpb, as was to be done* 


PROP. Xin. Problbm. 

tti a given regular pentagon to infcribc & 
circle. 



t,et Abcde be the given regular pentagon ; it Is re- 
Quired to infcribe a circle in it. 

Bifeft any two angles bcd, cde with the right lined 
CO, o-D (I. 9.)> and the point of interfedion o will be 
th^ centre of the circle required* 

K Tot 
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For draw .the lines ob, oa and oe^ and let fall the 
perpendiculars oh, ok, oLs of and og (L 12.} : 

Then, becaufe CB is equal to ct) {by Hyp.), co com-* 
mon, and the angle bco equal to the angle ocd (hyConfi,)^ 
the angle cbo will alfo be equal to the angle odc (1. 7.) 

But ^he angle odc is equal to half the angle cde {by 
Conji.) and the angle cde is equal to the angle cba {by 
Hyp.) ; confequently the angle cbo is alfo equal to half 
the angle cba. 

The angle cba, therefore, is bifeSed by the line bo ; 
and, in the fame manner, it may be {hewn, that the an-* 
gles at the points a, e are bife£ied, by the lines ao, oe. * 

Again, becaufe the triangles ace, OCH are equiangu- 
lar, and have oc common to each, the perpendicular OG 
will be equal to the perpendicular OH (I. 21*) 

And, in the fame manner, it may be {hewn, that 0% 
OK, OL, OF and og are all equal to each other. 

If, therefore^ a circle be defcribed from the centre o, 
at either of thefe diftances, it will pafs through the re- 
maining points, and be infcribed in the pentagon abcd£> 
as was to be done. 


PROP. 
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P R O P. XIV, Problem. 

To defcribe a circle about a given regular 
pentagon. 



Let ABCDE be a given regular pentagon ; it Is required 
to circumfcribe it with a circle. 

Bifed any two angles bcd, cde, with the right lines 
CO, OD (I. 9.)» and the point of interfe£lion o will be 
Ae centre of the circle required. 

For, draw the lines ob, oa and 0£ : 

Then, becaufe cb is equal to cd {hy Hyp.)j co com- 
mon, and the angle bco equal to the angle ocd {by Conji.)^ 
the angle cbo will alfo be equal to the angle odc (I. 4.) 

B,ut the angle odc is equal to half^ the angle cde, {by 
ConJi.)y and the angle cdb is equal to the angle cba 
{Jty Hyp.) i whence the angle cbo is alfo equal to half the 
angle cba. 

The angle cba, therefore, is bife£led by the line bo ; 
and, in the fame manner, it may be fbewn, that the an- 
gles at the points a, e are bifeded, by the lines ao, oe. 

Since, therefore, the angle ocd is equal to the angle 
ODC {by Hyp. and Ax. 7.), the fide oc wiJl alfo be equal 
to the f^de od (I. 5.) 

And, in the iame manner, it may be (hewn, that OD, 
OE, oa, ob and oc are all equal to each other* 

K2 If 
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if, therefore, a circle be defcribed from the point o, at 
either of thefe diftances, it will pafs through the remain-* 
ing points, and circunfcribe the pentagon abode, as was 
to be done* 


PROP. XV. Problem* 

In a given circle to infcribe a regular 
hexagon. 



Let ACEF be a given circle ; it Is required to in- 
fcribe a regular hexagon in it. 

Through the centre o draw the diameter ad, and make 
DC equal to do (IV. i.), and it will be the fide of the 
hexagon required. 

For, draw the diameter CF, and make BE parallel to 
CD (1. 27.) ; and join the points de, ef, pa, ab andsc: 

Then, fmce doc .is an equilateral triangle, the angles 
QDc, ocD and doc will be all^ equal to each other 
(I. 5. Cor.) 

And, becaufe oe is parallel to cd, the angle bod will 
be equal to the angle odc (I. 24.}) ^^^ ^^ angle ^OE to 
the angle ocD (I. 25.) 

But the ingles oDC, ocd are each equal to the angle 
DOC ; therefore, the angles Doc, eod and Foe are all 
equal to each other ; as are alib the oppofite angles foa, 
AOB and Boc* 

Since, 
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Since, therefore, the triangles cod, doe, &c. have 
two Ades, and the included angle of the one equal to two 
fides and the included angle of the other, they will be 
equal in all refpe£is (I. 4.) 

The fides CD, de, ef, &c. are therefore all equal to 
each other, as* are alfo the angles bcd, cde, &c. whence 
ABCDEF is a regular hetagon ; and it is infcribed in the 
circle ACEF, as was to be done. 

Scholium. Befides the figures here conflrudled; and 
thofe artfing from thence by continual bifedions, or taking 
the differences, no other regular polygon can be defcribed, 
by any known method, purely geometrical. 

It may alfo be obferved that fome of thefe figures, as 
well as feveral others, in the former part of the work, 
may often be defer! bed in a much eafier way, for practical 
purpbfes I but the principles upon which they depend can 
only be obtained from the following; books ^f the El^** 
[pents. 
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BOOK V. 

/ 

DEFINITIONS, - 

1. A lefs magnitude is faid to be a part of a greater, 
when the lefe is contained a certain number of times in 
the greater. 

2. A greater magnitude is faid to be a multiple of a 
lefs, when the greater is equal to a certain number of 
times the lefs. 

3. Ratio is a certain mutual relation of two magnitudes 
of the fame kind, which arifes from conftdering the quan- 
tity of each. 

4. When four magnitudes are compared together, the 
firft and third are called the antecedents, and the fecond 

■ 

and fourth the confequents. 

5. Four magnitudes are faid to be proportional, wh!en 
any equimultiples whatever of the antecedents, are, each 
of them, either equal to, greater, or lefs, than any equi- 
multiples whatever of their confequents. 

6. Inverfe ratio is, when the confequents are made the 
antecedents, and the antecedents the confequents. 

7. Alternate ratio is, when antecedent is compared 
with antecedent, and confequent with confequent. 

8. Compounded ratio is, when each antecedent and its 
confequent, taken as one quantity, is compared, either 
with the con^quents, or the antecedents. 

9. Divided ratio is, when the difference of each ante- 
^ cedent ^nd its confequent, is compared, either with the 

CpnfequenlLs, or the antecedents. 

PROP, 
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PROP. I. Theorem. 

If any number of magnitudes be equimul- 
tiples of as many .others, each of each j what- 
ever multiple any one of them is of its part, 
the fame multiple will all the former be of 
all the latter. 


Xh 


Let any number of magnitudes ab, cd be cquimulti- 
pies of as many others e, f, each of each 3 then what- 
ever m)iltiple AB is of £, the fame multiple will ab and 
CD together, be of £ and f together. 

For fmce ab is the fame multiple of e that cd is of 
J [by Hyp.) J as many magnitudes as there are in ab equal 
to E, fo many will there be in cd equal to f. 

Divide ab into magnitudes eqgal to e (I. 35.), which 
let be AG, GBi and cp into magnitudes equal to f, which 

let be CH, HD. 

Then the number of magnitudes ch, hd, in the one, 
will be equal to the number of magnitudes AG, dp, in 

the other. 

And becaufe ag is equal to E, and ch to f (by Conjl.)^ 
AG and CH, taken together, will be equal to e and f 

* ^aken together. 

For the fame reafon, becaufe gb is equal to E, and hd 
to f, gb and hd taken together, will be equal to E and ? 

^kcn together. 

K 4 A5i 
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As many magnitudes, therefore, as therie are in ab 
equal to £, fo many are there in ab and cd together, 
equal to e and F together. 

And, confequently, whatever multiple ab is of e, the 
(ame multiple will ab and cd together be of £ and f to- 
gether, Q. E, D. 

PROP, 11. Theorem. 

If any number of magnitudes be multiples 
of the fame magnitude, and a3 many others 
be the fame multiples of another magnitude, 
each of each, the fum of all the former 
will be the fame multiple of the one^ as 
the fum of all the latter is of the other, 

B ^ 
Di S^ 1^ 

Let any number of magnitudes ab, be, be multiples of 
the fame magnitude c, and as many others dq, gh, the 
fame multiples of another f, each of each ; then will the 
whole AE, be the famf multiple of c^ as the whole dh, is 
of F. 

For fince ab is the fame multiple of c that og is of f 
(by Hyp.) J there will be as many magnitudes in ab equal 
to c, as there are in dg equal to f* 

And becaufe be is the fame multiple of c that gh is of 
F {by Hyp.), there will be as many magnitudes in be 
equal to c^ as there are in gh equal to f» 
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As many tnagtiitudes, therefore, as there are in the 
^hole AE equal to c, fo many will there be in the whob 
DH equal t^ F. 

The whole A&, therefore^ is the fame multiple of c^ a$ 
fjBk whole pH it of F. Q. £• Di^ 


P R O ?• Ill, Theorem, 

I 

if the fird of four magnitudes be the fame 
multiple of the fecond as the third is of the 
fourth ; and if of the firft and third there be 
taken equimultiples, thefe will alfo be equi- 
multiples, the one of the fecond, and thq 
i)thef of the fourth. 

X, ?: if ei * tw 
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Let A thfe firft, be the fame multiple of b the feconJ, 
as c the third, is of o the fourth ; and le^ ef and gh be 
equimultiples of a and c ; then will tT be the fame mul« 
tiple of B, that gh is of d. 

For fince ef is the fame multiple of a that gh is of c 
{by Hyp.)y there will be as many magnitudes in ef equal 
to A, as there arc in gh equal to c. 

Divide EF into the magnitudes ek, kf each equal to 
A (L 35.) ; and oh into the magnitudes GLy tH, each 
equal to c. 

Then 
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Then will the numSer of magnitudes ek, kf in the 
one, be equal to the number of magnitudes gLj lh in the 
other. 

. And becaufe a is the fame multiple of b that c is of o 
(iy Hyp.)y and ek is equal to a, and gl to c (ty Con/lJ)^ 
£K will be the fame multiple of b that gl is of d. 

In like manner, fince kf is equal to a, and lh to c, 
KF will be the fame multiple of b, that h^ is pf d. 

And fmce £K, kf are each multiples of b, and gl, lh 
^re each the fame multiples of d, the whole £f will be the 
fame multiple of b, as the whole gh is of d (V. 2.) 

Q. E. D^ 


PROP, IV. Theorpm- 

If the firft of three magnitudes be greater 
than the fecond, and the third be any mag- 
nitude whatever,, fome equimultiples of the 
firft and fecond may be taken, and fome 
multiple of the third fuch, that the former 
Ihall be greater than that of the third, but 
,thp latter not greater. 


-iL (r, ^, ,E 
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Let ab, bc be two unequal magnitudes, and d any 
other magnitude whatever j then there may be taken fome 
equimultiples of ab, bc, and fome. multiple of d fucb, 

that; 
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that the multiple of ab (hall be greater than that of o^ 
but the multiple of bc not greater* 

For of BC, CA take any equimultiples gf, fe fuch, 
that they may be each greater than d ; and of Dtake the 
multiples K and l fuch, that l may be that which i^ firft 
greater than gf, and k that which is next lefs than l. 

Then, becaufe l is that multiple of d which is the firft 
that becomes greater than g^, the next preceding multi- 
ple K will not be greater than gf i that is gf will not be 
lefs than k. 

And, fmce fe is the fame multiple of AC that gf Is of 
BC {by Conji,)^ GF will alfo be the fame multiple of bc 
that EG is of AB (V. I.) 

The magnitudes eg and gf are, therefore, equimul* 
tiples of the magnitudes ab and bc, and l is a multiple 

of D. 

And, fince gf is not lefs than k, and ef is greater 
than D {by Conft,)^ the whole eg will be greater than K 
and D taken together. 

But K and d, taken together, are equal to l {by Conji.) ; 
therefore eg will be greater than L, and fg not greater 
than L, as was to be (hewn. 


PROP-. 
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PROP. V. Theorem. 

If four magnitudes be proportional, any 
equimultiples whatever of the antecedents 
ivill be proportional to any equimultiples 
whatever of the confequents. 
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t^ A be to B as c is to D, and of a. and c take vHf 
equimultiples EK, fl ; and of b and d any equimultiples 
jGU^ HN ; then will ek be to gm, as pl is to mn« 

For of CK and fl take any equimultiples whatever fi^, 
FR \ and of GM and hn any equisiiuhiples whatever 
OS, Hi* : 

Then, fince ek is the fame flfiultipk of a, that fi is 
of c {by Cotifl.)^ and of ek, fl have been taken the equi- 
multiples £P, FR, £P will be the fame multiple of a, that 
FR isof c (V. 3.) 

And, in the fame manner, it may be fhewn, that gs is 
the fame multiple of b, that ht is of d. 

But a has the fame ratio to b that c has to d [by Hyp.)i 
and of A and c have been taken the equimultiples ep, fr^ 
and of B and d the equimultiples gs, Ht. 

If, therefore, ep be greater than GSy fr will alfo be 
greater than htj and if equal, equal; andiflefs, left 
(V. Drf. SO 

Andy 
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And, fince sp, fr are any equimultiples whatever ot 
£K, FjL; and* OS, ht are any ec|utinultip}es whatever of 
CM, HN ; EK will have the iame ratio to gm, that Fir 
has to HN (V. IXf. 5.) Oft E. D. 

PROP. VL Theorem. 

If four magnitudes be proportional, ^nd 
the firft be greater than the fecond, the third 
will alfo be greater than the fourth ; and if 
equal, equal ; and if lefs, lefs. 


B, 1 I>^ 
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Let A have to b the lame ratio that c has to d ; then if 
A he greater than B, c will alfo be greater than d i and 
if equal, equal; and if lefs, lefs. 

For, oJF A and c take any equimultiples £ and c, and 
of B and D the fame equimultiples f and h. 

Then, becaufe a is to b, as c is to d {ty Hyp.)^ if t 
be greater than f, g will alfo be greater than h ; and if 
equal, equal; and if lefs, lefs (V. Dif, 5.) 

And, fmce £, f, g, a are the fame multiples of a, b, 
c, D, each of each, thefe laft magnitudes will alf9 obferve 
the fame agreement of equality, excefs, or defeat with 
their equimultiples. 

If, therefore, a be greater than b, c will alfo be greater 
than D i and if equal, equal ; aiid if lefs, lefs. 

Qi E. D- 

PROP. 
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PROP. VII. Theorem, 

If four magnitudes be proportional, they 
will be proportional alfo when taken in- 
verfely* 


Ai 1 Ch 


Bi -4 3>i- 

K, — A Pi- 


If A has to B the fame ratio that c has to d ; then, in* 
vcrfely, b will have to a the fame ratio that d has to c. 
. For, of B and d take any equimultiples whatever e and 
F \ and of A and c any equimultiples whatever o and h : 

Then, fince a is to b as c is to d {hy Hyp.)y and c, H 
are equimultiples of a, c, and £, F of b, d {byConft.)^ if 
c be greater than E, h will be greater than F j and if 
equal, equal; and if lefs, lefs (V, Def. 5.) 

•And, becaufe g has with £ the fame agreement of 
equality, excefs, or defeft, that h has with f, e will have 
with G the fame agreement of equality, excefs, or defed, 
that F has with h. 

If, therefore, e be greater than g, f will alfo be greater 
than H; and if equal, equal; and if lefs, lefs. 

But E and f are any equimultiples whatever of b and D 
{by Conjl.) ; and g and h are any equimultiples whatever of 
A and c J therefore, b is to a as D is to c (V, Def. 5.) 

Q. E. D* 


PROP- 
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PROP. VIII. Theorem; 

If the firft of four magnitudes be the fame 
multiple or part of the fecond as the third is 
of the fourth ; the firft will have the fame 
ratio to the fecond as the third has to the 
fourth. 


El M t e^ 
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Let A the firft, be the fame multiple of b the fecond, 
that c the third is of d the fourth ; then will A have ito B 
the fame ratio that c has to 1>. 

For of A and c take any equimultiples whatever E and 
G ; and of b and d any equimultiples whatever f and h : 

Then, becaufe a is the fame multiple of b that c is of 
D {by Hyp,), and £ is the fame multiple of a that g is 
of c {iy Conft.)y £ will alfo be the fame multiple of b that 
o is of D (V. 3O , 

And, fmce e is the fame multiple of b that g is of b, 
and F is the fame multiple of b that h is of d {by ConftJ)^ 
if £ be greater than f, g will be greater than h j and if 
equal, equal ; and if lefs, lefs. 

But E and g are any equimultiples whatever of a and 

c ; and f and h are any equimultiples whatever of b and 

D ; therefore, a will have to b the fame ratio that c has 

to D (V. Def. 5.) 

Again^ 
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Again, let the firft ^ be the fame part of the (ecofid A^ 
as the third d, is of the fourth c ; then will have to a, 
Ibe fame ratio that d has to c« 

For A is the (ame multiple of b that c is of d (i^r Hyp^) ; 
Aerefore a will have to' b the fame rati<> that ^ has 
to D (V. 80 

And, fince a Is to b as c is to d, thereforty aUby 
inverfety, b is to a as is to c (V* 7.) 

CL £• I># 


PROP. IX. Theorem. 

Equal magnitudes have the fame ratio tO 
the fame magnitude, and the fame has the 
lame ratio to equal magnitudes^ 


i]D £1- 


t 


{A. B^ 
C _ 


Let A and B be equal magnitudes, and c any otheif 
magnitude whatever j then a will- have to. c the fame 
fatio that b has to c. 

For of A and b take any equimultiples whatever B ant 
£; and of c any multiple whatever? : 

Then, becaufe d is the fame multiple of a that E k 
of B, and A is equal to B, D will alfo be equal to E. 

And, fmce d and £ are equal to each olher, if D tie 
greater than f^ £ will alfo be greater tbaii F| and ^ 
equal, equal ^ and if lefs, lefs. 

5 Bttt 
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fiut D and 1 are any (Bquimuttiples whatever of a and b^ 
tod F is any multiple whatever of c; therefore a is to c 
as d is to c (V. Def. 5.} 

Again, let a and b be equal magnitudes^ and c any , 
other magnitude whatever ; then c has to a the fame 
ratio that it has to b. 

For, having made the fame conftrudion as before, o 
may, in like manner, be fliewn to be equal to b : 

And, iince D is equal to e, if f be greater than d, it 
will aifo be greater than e ; or if equal, equal \ or if 
left, lefs. 

But F is any multiple whatever of c, and d and £ are 

any equimultiples whatever of a and b ; therefore, c is 

Co A as c is to B (V. Drf. 5.) 

Q. E. D, 

PROP* X. Theorem. 

Magnitudes which have the fame ratio to 
the fame magnitude are equal to each other % 
and thofe to which the fame magnitude has 
the fame ratio are equal to each other. 

\ 5 . , £ , 


Let A have to c the fame ratio that b has to c ^ then 
will A be equal to B. 

^For, if they be not equals one of them mufr l^e greater 
than the other* 

L Let 
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Let A be the greater ; and of a and b take the eqai- 
inultiples d and E, atid of c the multiple F fuch, that d 
may be greater than r, and £ not greater than f (V. 4.) 

Then, fince a is to c as b is to c, and d and £ are 
' equimultiples of a and B, and F is a multiple of c, d be- 
ing greater than F, E will alfo be greater than F (V. 
Dif. s.) 

But, by conftrufiion, e is not greater than r ; whence 
it IS greater and not greater at the fame time, which 
is abfurd. 

The magnitude a is, therefore, not gFeater than b 5 
' and in the fame manner it may be (hewn that it is not 
lefs ; cohfequently they are equal to each other. 

Again, let c have to a the fame ratio that it has to B ; 
then will a be equal to b. 

For, fince c is to a as c is to b, therefore, alfo, in- 
' verfely, a will be to c as b is to c (V. 7.) 

\But magnitudes which have the fame ratio to the fame 

magnitude have been ihewn to be equal to each other ; 

. therefore a is equal to b« * Q. £. D. 


PR O P. 


JOQK THF FIFTH. I47 

PROP. XL Theorem. 

Ratios which are the fame to the fame 
ratio, are the fame to each other, 

(J, , Hi ( K> I 

A> » ' Ct H Et * < 

B. • !>' 1 » ' F) 1 


L» ^ 1 M( - ■ ■■ ■ — "^ Hi 


Let A be to B as c is to d> and c to d as £ is to f ; 
then will a be to B as e is to f. ' 
^ For, of A, c and e take any equimultiples whatever 
c, H and K ; and of b, d and f any equimultiples what- 
ever L, M and N : 

Then, fince a is to b as c is to d {hy Hyp,)^ and o 
and H are equimultiples of a and c, and l and m of B and 
D, if G be greater than l, h will be greater than m ; and 
if equal, equal ; and if lefs, lefs (V. Def, 5.) 

And, becaufe c is to d as e is to t [by Hyp.)^ and H 
and K are equimultiples of c and e, and M and n of o and 
F i if H be greater than m, k will be greater than n ; 
and if equal, equal ; and if lefs, lefs {V,Def. ^,) 

But if G be greater than l, it has been fliewn that h 
will alfo be greater than m ; and if equal, equal; and if 
lefs, lefs; whence, if g be greater than l, k will alfo.be 
greaterthan N ; and if equal, equal; and if lefs, lefs. 

And fince o and k are any equimultiples whatever of 
A and e, and l and n are* any equimultiples whatever of 
B and F, A will have to b the fame xatio that £ has 
to F (V. P^/ 5O Q, E. D. 

L 2 PROP. 
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PROP. XII. Theorem, 

if any number of magnitudes be propor-* 
tional, either of the antecedents will be to its 
confcqucnt, as the fum of all the antece- 
dents is to the fum of all the confequents^ 


Gi 1 Hi 1 Kh 


•At ■ I Ci 1 Ev- 

Bi 1 D, 1 Fk 


Li i M» ■ ■ I .1 Xh 


Let A be to B as c is to D, and as ife is to F ; then wiU 
A be to B, as A, c and e together, are to B, D and F 'to- 
gether. 

For, of A, c and e take any equimultiples whatever 
G, H and K ; and of Bj d and f any equimultiples what* 
ever L, M and n : 

Then, fmce a is to b, as c is to d (by Hyp.)^ and o, 
H are equimultiples of a, c^ and l, m of b, d, if c be 
greater than l, h will be greater than m, and if equal, 
equal; and if lefs, lefs (V. Def. j.) 

And becaufe a is alfo to b as e is to f {by Hyp.)^ and- 
G, K arjB equimultiples of a, e, and l^ n of b, f, if G b«K 
greater than l, k will be greater than ic j and. if eqjtaif^ 
equal J and if lefs, lefs (V. Def. 5.) 

From hence it follows, that if g be greater than L, g, 
H and K together, will be greater thah hy'u and n ta*- 
gethcrj and if equal, equals and if lefs, defs. 

S But 


■■< 
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But c, and g, h, k together, are any equimultiple^ 
whatever of A, and a, c, e together (byConJi,) ; and l, 
and L, M, N together, are any equimultiples whatever of 
Uy and B, D, F together ; whence, as a is to b^ fo is a, c 
jind E together, to b, d and f together (V. Def. |.) 

PROP. XIII. Theorem. 

]Bquiinultiples of any two magnitudes 
})aye the fame ratio as the niagni^udes them?* 
fblvest 

Ai 1 

Ci 1 $[ il> 

Bi 1 

Jll ^—4* iF 

Let CD be the fame multiple of a that ef is of b ; then 
^ill CD have the fame ratio tp ef that a has to b. 

For, fmce cp is tjie i^me multiple of A that ef is of b> 
there are as many magnitudes in cd equal to. A^ ^ there 
9re in ef equal to p. 

Let CD be divided into^the magmftides cg,, gh, hu 
each equal to a (L 25*) ; and ef into the magnitu^^s 
£K» |CL, LF9 each equal to b. 

Then, the number of magriitud^s cg, gh, HD^x>the 
one, will be equal to the number of magnitudes j^^ K4r^ 
|.F in the other* 

* And, becaufe dh, hg, qc are all equal to^^ch other, 
^$ are alfo fl, lk^ ke, dh will be to fl ^ Ho ^o lk^ 
^nd as QC to kb (V. 9.) 

L 3 An4i 
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And, fince any antecedent is to its confequent, as all 
the antecedents are to all- the confequents (V. 12.), Ft 
will be to DH, as fe is to dc. 

' But DH is equal to A {by Cdn/i.)y and FL is equ^I to B | 
therefore b will be to A, as F£ tp pc 3 ^nd, inverfely, 
DC to FE as A to B, (^ E. D. 

PROP. Xiy. TnEOK^H. 

If four magnitudes of the fame kind be 
proportional, and the firft be greater thari 
the third, th0 fecond will alfo be greater 
than the fourth ^ and4f equal, equal^j and 
if lefs, lefs. 


Ki : 1 G.- 


A' 1 Cj- 

Bk= ! X>> 


Let A be to B as CIS to D ; then if a be greater than 
C, B will alfo be greater than l>; and if equal, equal ^ 
jind if left, lefs. 

Firft, let a be gjeater than c j then B will be greater 
t»an D. 

J^or, of A, c take the ^quin:>ultiples E, 0, and t>f B the 
multole F fuch, that E may be greater than f, but g not 

great©- (V. 4.) ; arid make h the fame multiple of p that 
^ is of 1 : 

7'hen, bccaufe A is to B as c is to d '{by Hyf.), and 
£, G are t-juimultiples of A, C, apd F, h of b, p {By 
CorjL), F. bcng greater thanF, g will alfo be greater 
than K (V. Z)rf. ^.) 

And, 
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And, fuice, by conftrudion^ f is not lefs than o, and 
G has been proved to be greater than h, f will likewi& 
be greater than h. 

But F and h are equlmuit*i|>Ies of b and d {by Cori/i.) ; 
therefore, fince f is greater than h, b will alfo be great;^ 
than D. 

Secondly, let a be equal to c > then will B be equal 
to D« 

For, A is to B a$ c is to d {iy Hyp,) j or, fmce A is 
equal to c, a is to b as a is .to d j therefore a is equal 
to D ly. 10.) 

Thifdly, let a be lefs than c; then will B be left 
than D. , 

For, c is to D as A is to b, by the prepofuioo \ there* 
fore c being greater than A9 d will lUfo be greater thafi 
B, by the firft cafe. Q^ E. D. 

PROP. XV. Thpprbm, 

If four magnitudes of the fame kind be 
proportional, they will be proportional alfo 
when taken alternately. 


— H Sf- 


Ai I " ■ " i C»- 


i»>— • l^- 


Let A be to B as c is to D s then, alfo, alternately, a 
will be to c as b is to d. 

For, of A and b take any equimultiples whatever e and 
q \ and of c and p any equimultiples whatever f and h : 

L j^ Then, 
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, Then, fince £ is the fame multiple of a that g is of b^ 
and that magnitudes have the fame ratio as their equi- 
multiples (V. 13.), A is to B as E is to G. 

But A is to B as c is to d, by the propofition ; whence 
c is to D as E is to o (V. 11.) 

In like manner, becaufe F is the fame multiple of c that 
H is of D, c will be to D as F is to H (V. 13.) 

But c has been fliewn to be to p as $ is to o ; confe- 
quently, £ will be to g as f is to h (V. it.) 

Since, therefore, £ has the fame ratio to c that f has 
to H, if z be greater than f, g will alfq be greater than 
H; and if equal, equal ; and if lefs, leis (V.Def. 5.) 

But B and g are any equimultiples whatever of A and 
B ; and f and h are any equimultiples whatever of c and 
x>l therefore a is to c as b is to P (V, Def. 5.) 

Q. E. D. 


PRPP. XVI. THEOliEM. 

If four magnitudes be proportional, ths 
fum of the firft and fecond, will be to the 
firfl: or fecQnd* as the fum of the third and 
fourth^ is to thp third or fourth • 

^H- ? — ,5 ^1 ^ ^-.^..-111 

Ci y CD Q) ? iD 

tret AB be to £b as cf is to fd ; thep will ab be to i$e^ 
w AH9 as CD is to z>F^ or cf. 

For, 
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For^ fince as is to e)b as cf is to fd {by Hyp-) $ there- 
fore, alternately, ab wHi be to cf as bb to fd (V. 15.) 

And, Ance the antecjC^ient is to its confequent as all 
the ante,cedents are to all the confequents (V. 13.)^ ae 
will be to cp as ab is to cd. 

But ratios which are the fame to the iame ratio xare the 
fame to each other (V. ii\) ^ whence ab wilt be to cd 
as SB is. to FD } and, Alternately^ ab to eb as co to of 

(V.is.) 

Again, iince ae has been fiiewn tg be to cf as ab is 

to CD, therefore, by alternation, ae will be to AB as cf 
^ tocD (V, 15.) 

But quantities which are dire^^Iy proportional are alfo 
proportional when taken- inverfelyy i^he^ice ab will be to 
AB ^s CD is to CF (V. jr.) 

Q. E. p. 

m 

P R O p. Xyil. Theorem. . 

I 

If four magnitudes be proportional, the 
difference of the firfk and fecond, will tie 
to the iirfl: or fecond, as the difference of 
the third and fourth^ is to th^ third or 
fourth. • 

A' B— 'B 

3^. ^ i! ^^ 

l^^t AB be to BE as cd i$ to of ; then will ae be to 

AB, or ZMf a( cf 18 to cp. or fd« 

For, 
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For, of AE, £s, CF>; FD take aay equimultiples urhat- 
CTcr QH, UK, LM, MN) and of ^B, FD any other equi- 
multiples whatever KP, NR : 

Theo, becaufe gh is the fame multiple of ae that hk 
is of £B {by ConJi.)y GH will be the &fne multiple of ae 
that OK is of AB (V. I.) 

But GH is the fame multiple of ae that lm is of cf {hy 
Con/l.) ; therefore GK is the fame multiple of ab that lm 
is of CF. 

In like manner, becaufe lm is the fame multiple of cp 
that Uti is of FD {hyCqnfi.)^ lm will be thr fame rnuld* 
pie of CF that ln is of cd (V. i.) . ^ 

But LM has been (hewn to be the fame^fnuUi^Ie of cf 
that OK is of AB ; therefore GK is the £un& multiple of 
AB that LN is of CD. 

Agaift^ becaufe hk, kp are the fame multiples of eb, 
that MM, NR are of fd {by Conji,)^ HP will be the fame 
multiple of EB, thatMR is of fd (V. 2.) 

And, fince aB is to Bfi as CDto X}V {by Hyp.)^ and 
GK, LN are equimultiples of ab, cd, and hp, mr of be, 
DF, if GK be greater than HP, ln will be greater than 
MR'i arid If equal, equal; and if lefs, lefs {V.Def. 5.) 

From the two former of thefe take away the common 
part HK, and from the two latter, the common part mn ; 
then if gh be greater than kp, lm will be greater than 
KR, and if equal, equal; and if lefs, lefs. 

But GH, LM are any equimultiples whatever of AE, cf 
{byConft.)j and kp, nr are any equimultiples whatever 
of EB, FD; whence ae is to cFas E»to fd (V, Def. 5.) j 
and, alternately, AS to eb as cf to fd. 

And, 
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And fince ab is the fum of At^ ub, and cd of 'cf, pd, 
AB will be to AE or EB, as CD is to ,CF or FD (V. 16.) ; 
and, in?erfely^ ab pr eb to ab, ps CF pr Fp to cd. ^ 

Scholium. When the confeqiAdiCs are greater than 
tbe antecedents^ tht? fame demonftxaiioA wiU bold, if ths 
farms be taken inyer&ly. 

P R O P- XVIII. TheoHim, ^ 

If four magnitiides. of the fame kind be 
proportional^ the greateft and lead of themjp 
taken together, will be greater than tho 
pther tWQ. 

jif f tB 

CI 9^ — in 


Ev- 


TH 


Let AF, CD, E, F be the four proportional magnitudes, 
of which AB is the greateft and f the leaft ; then will ab 
and F together, be greater than cd and e together. 

For. in ab ta}ce AG equal to £, and in cd take CH equal 
to F (I. 3.) 

Then, becaufe ab is to cd as e to f {hy Hyp,)^ and 
AG is equal to E and ch ta f {by ConJi.)y ab will be to 
po as AG to CH. 

But magnitudes which are proportional, are alfo pro- 
portional when taken alternately (V. 15.) i therefore ab 
will be to AG as cd to ch. 

And, fince bg is the difference of ab and AG, andnn 
of CD and CH, bg will be to ab as dh to cd (V. 17.) j 
and, inverfely, ab to bg as cd to ph. 

But 
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. But AB is greater than cd (iy Hyp.) ) whence CB is 
alfi> greater than hd (V. 14). 

And, becaufe AG is equal to e, and ch to F^ AG and 
r together, are equal to ch and £ together. 

To the iirft of thefe equals add gb, and to the fecond 
HD, then wilt ag> ob and f together^ be - greater than 
CH, HD and £ together. 

But AG, GB are equal to ab, and ch» hd to cd ; con* 
fequently ab and F together are greater than cd and £ 
together. Q:, E. D, 

' Scholium. That f muft be the leaft of the four mag- 
]>ttudes when A is the greateft, appears from propofiticms 
YL and XIII, ' 


/ 
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B O O K VI. 

DEFINITIONS. 

!• Similar re£lilineal figures, are thofe which are equi- 
angular, and have the fides about the equa] angles pro* 
portiona]« 

2» The homologous, or like fides, of fimilar figures, 
are thofe which are oppofite to equal angles. 

3. Two figures are faid to hdivc their fides reciprocally 
proportional, when the firft confequent, and fecotid ante* 
cedent, of the four terms, are both fides of the fame 
figure. 

4. Of three proportional quantities, the middle one is 
faid to be a mean proportional between the other two-; 
and the lafl a third proportional to the firfl and fecond. 

5. Of four proportional quantities, the laft is faid to ' 
be a fourth proportional to the other three, taken in 
order. 

6. If any number of magnitudes be continually propor- 
tional, the ratio of the firfl and third is faid to be duplicate 
that of the iirft and fecond; and the ratio of the firft and 
fourth, triplicate that of the firft and fecond, 

7« And of any number of magnitudes, of the fame kind, 
taken in order, the ratio of the firft to the laft, is faid to he 
compounded of the ratio of the firft to the fecond, of the 
fecond tp the third, and fo on, to the laft. 

8. A right line is faid to be divided in extreme and 
mean ratio, when the whole line is to the greater feg* 
ment, as the greater fegment is to the Icfs. 

PROP* 
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PROP, t 

Triangles and parallelograms, having the 
lame altitude, are to each other as their bales. 



H e li c » K^I. 


Let the triangles abc, acd, and the parallelograms 
EC, CF have the fame altitude, or be between the fame 
parallels bd, ef ; then will the bafe bc be to the bafe 
CD, as the triangle abc is to the triangle acd, or as 'the 
parallelogram £c is to the parallelogram cf. 

For, in bd produced, take any number of parts what- 
ever BG, GH, each equal to bc j and dk, kl, any num- 
ber whatever, each equal tQ cd; and join ag, ah, ak: 
and al: 

Then, becaufe cb, bg, gh are all equal to each other, 
the triangles AHG, agb, abc will alfo be equal to each 
other (II. 5.) ; and whatever' multiple the bafe hc is of 
the bafe bc, the fame multiple will the triangle ahc be of 
'the triangle abc* 

And, for the fame reafon, whatever multiple the bafe 
LC is of the tafe cd, the fame multiple will the triangle 
alc be of the triangle adc. 

If, therefore, the bafe hc be equal to the bafe CL, the 
triangle ahc will be equal to the triangle alc j and if 
greater, greater ; and if lefs, lefs, 

3 B«t 
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But the bafe hc, and tha triangle ahc, are any equi- 
multiples whatever of the bafe bc, and the triangle abc ; 
and the bafe cl and the triangle alc are any equimulti- 
pies, whatever of the bafe cp and the triangle adc ; 
whence the bafe bc is to the bafe CD, as the triangle 
ABC IS to the triangle acd (V. Def. 5.) 

Again^ becaufe the parallelogram CE is double the trt« 
angle abc (I. 32. )> ^^d the parallelogram cf is double 
the triangle aDc, the triangle abc will be to the triangle 
ADC as the parallelogram C£ is to the parallelogram 
CF (V, 13.) 

But, it has been (hewn, that the bafe bc is to the bafe 
CD, as the triangle abc is to the triangle adc; there- 
fore the bafe bc is alfo to the bafe CD, as the parallelogram 
CE is to theparallelogram CF, Qj £• D« 

CoRoLL. Triangles and parallelograms, having equal 
altitudes, are to each other as their bafes. 


V 


P R O p. II. 

Triangles and parallelograms, having equal 
bafes, are to each other as their altitudes. 



A. K 


Let ABC, DEF be two triangles, having the equal bafes 
A6, DE, and whofe altitudes are ch, fi^ then will the 

triangle 
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triangle abc have the lame ratio to the triangle def^ a^ 
CH has to Fi. 

For make bp perpendicular to ab, and equal to ch 
(I. IX and 2') ; andin bp take BQ^equal to fi, and join 
AP^ AQ^and cp. 

Then, becaufe bp is equal to cH, and the bafe ab is 
common, the triangle abp will be equal to the triangle 

ABC (1^5.) 

And} becaufe ab is equal to de, and b<^ to fi, 

the triangle abq^ will alfo be equal to the triangle 

DEF (II. 5.) 

But the triangle abp is to the triangle ABQ^as bp is to 
B<^(VL I.}; therefore the triangle abc is /alfo to the 
triangle dbf as bp is to bq> or as ch to fi (V. 9. ) 

And, fuice parallelograms, having the fame ba(es and 
altitudes, are the doubles of thefe triangles, they will, like- 
wife, have to each other the fame ratio as their altitudes* 

Q:. E. D. 

Cor. I. If the bafes of equal triangles are equal, the 
altitudes will alfo be equal ; and if the altitudes are equal, 
the bafe» will be equal. 

CoR. 2. From this, and the former propofition, it alfo 
appears, that rectangles which have one fide iu each equal, 
are proportional to their other fides. 


PROP. 
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P R O Pi III. Theorem, 

If a right line be drawn parallel to one of 
the fides of a triangle, it will cut the other 
(ides proportionally : and if the fides be cut 
proportionally, the line will be parallel to 
the remaining fide of the triangle. 



Let ABC be a ttiangle, and de be drawn parallel to th« 
lide BC ; then will ad be to db, as ae is to ec. 

For join the points b, b, and c, : 

Then, becaufe the triangles dbe, dce are upon the 
iame bafe de, and between the feme parallels de, bc, they 
will be equal to each other (I. 31.) 

And, fince equal magnitudes have the fame ratio to the 
fame magnitude (V. 9.), the triangle dbe will be to the 
triangle dab, as the triangle dce is to the triangle dae. 

But triangles of the fame altitude are to each other as 
their bafes (VI. 1.) ; whence the triangle dbe will be 
to the triangle dab as db is to DAi 

For the fame reafon, the triangle DCE will be to the 
triangle dae, as £c is to ea. 

M And, 
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Ahd, fince ratios which are the fs^me to the fame ratio^ 
are the fame to each other (V. ii.)) db will be to da as 
£c is to EA ; oTy inverfely, ad to db as ae to eg. 

Again, let the fides ab, ac be cut proportionally, in 
the points d and s ^ then wilLthe line de 1}e parallel 

to BC. 

For, the fame conftrudion beiHg made as before, the 
triangle deb will be to the triangle de a, as db is* to da 
(VI. I.) i and the triangle £ DC to the triangle dea as 
EC to EA (VI. I.) 

And, fince db is to da as ec is to ea {by Conft.)^ the 
triangle deb will be to the triangle dea as the triangle 
. £DC is to the triangle dea (V. ii.) 

But magnitudes which have the fame ratio to the fiime 
magnitude are equal to each other (V. lO.) > whence 
the triangle deb is equal to* the triangle edc. 

And , fince thefe triangles are equal to each other, 
and ate upon the faaie ba& de, they will have equal 
altitudes (VL 2* Cor.)^, or ftand betwedhthe &me paral« 
lelsj, whence de is parallel to bc. 

CoitOLX* In the fame manner it may be fliewn, that 
the fides of the triangle are proportional to any two of the 
parts into which they are divided; and that the iike parts 
of each are alfo proportionaL 


PROP. 


I 
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PROP. IV. Tmboeem. 

If the vertical angle of a triangle be 
bifeded^ the fegments of the bafe will have 
the f^me ratio with the other two fides : 
and if the fegments have the fame ratio 
with the other two &d^ the angle will be 


\ 



Let the angle bac of the triangle ABC be WcSted 
by the right line ad ; then will bi; be to x>c as ba 
is to AC. 

For through the point c draw cs paralld to da (I. 
27*),.^d let BA be produced to meet ce in e : 

Then, becaufe the right line ac cuts the two parallel 
right lines ad, bc, the angle ace will be equal to the 
alternate angle cad (I. 24.) 

But the angl6 cad is equal to the angle bad, by the 
propoiltion; therefore the angle bad is alfo equal to the 
angle ace. 

And, in like manner, becaufe the right line BE cuts the 
two parallel right lines ad, ec, the outward angle bad 
HpjU be -equal to the inward oppofite angle aec (I. 25*) 

M a But 
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But the angle ace has been (hewn to be equal ta 
the angle bad ; whence the angle ace ;s alfo equal ta 
the angle aec ; and the fide ae to the fide ac (I. 5.) 

And, fiiice bec is a triangle, and ad is drawn parallel 
to the fide £C, bd will be to dc as ba is to A£ (VI. 3.) ; 
or» becaufe ae is equal to ac, bd will be to dc as ba 
is to AC. 

Again, let bd be to dc as ba is to aq ; then will the 
angle bac be bife&ed by the line ad. 

For, let the fame conftruflion be made as before : 

Then fince bd is to dc as ba is to ac, (hy Hyp.)^ and 
BD to DC as BA to A£ (VI. 3.}, therefore^ alfo> ba 
will be to AC as ba is to ae. 

And fince magnitudes which have the fame rado to the 
fame magnitude are equal to each other (V. ic), 'AC 
will be equal to ae, and the angle aec to the angle 
ace (I. 5.) 

But the angle aec is equal to the outward oppofite 
angle bad (I. 28.) ; and the angle ace is equal to the 
alternate angle cad (1. 24.) ;. whence the angle bad v?ill 
alfo be equal to the angle cad. 


PROP, 
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P R O ?• V. Theorem. 

The fides about the equal angles of equi- 
^angular triangles are proportional ; and if 
the fides about each of their angles* be pro- 
portional^ jhe triangles will be eq-uiangular* 




Let ABC, DBF be two equiangular triangles, of which 
<BAC, EDF are correfponding angles ; then will the 
fide AB be to the fide ac, as the fide >de is ,1b the 
fide DF. 

For make ag equal to i>e^ and ah to^F {I. 3.;) s ^nd 
join GH : 

Then, fince die two*fic!es ag, ah of the triangle ahg^ 
are equal to the. two fides de, df of the triangle dfe, 
0nd the angle 4 to the angle d, the angle agh will alfo 
be equal to the angle def (I. 4.) 

But the angle def is equal to the angle abc (^ji 
Hyp,) ; confequently the angle agh will alfo 'be equal to 
•the angle abc, and gh will be parallel to bc^(L 23.) 

And, fince the line gh is parallel to the line BC, the 
iide AB will be to the fide ac, a$ the fide a G is to the 
fide ah (VI. 3.) 

But AG is ^qual to de, and ah to df ; whence the ' 

fide AB will be to the fide ac, as the fide de is to the 

fide df, 

♦ 

M ,3 As^^A, 
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Again, let a b be to ac, as ds is to df ; and At to 
Bc, as D£ to EF ; then will the triangle abc be equi- 
angular with the triangle pef* 

For, let the fame conftruSion be made as before : 

Then, fince ab is to ac as ag is to ah {hy Hyp.\ the 
line GH will be parallel to the line bc (VI. 3.), and the 
triangle agh will be equiangular with the triangle viBC. 

And, fince. the fides about the equal angles of equl« 
angular triangles are proportional (VI. 5.), the fide AB. 
will >be to the fide bc, as the iide Ad is to the fide gh. 

But the fide as is to the fide bc, as the fide pB is tO; 
fide EF {by Hyp.) ; therefore^ alfo, the fide AG. will bc 
to the fide gh, as the fide de is td the fide ef (V. 11.). 

And^ fince the fide AG is equal to the fide de (by Canfi.\ 
the fide GH will alfo be equal to the fide bf (V. jo.], and 
confequently the triangle def will be equiangular with 
the triangle agh (I. 7.) or abc, as was to be fhewn. 


P R Q P. VI. THEO^tEM. 

If two trkngles have one angle of the 00c 
equal to one angle of the other, and the fides 
about the equal angles proportional, the tri- 
isingles will be equiangular. 




•Let ABC, def be two triangles, having the angle a 
equal to the angle p, and the fide ab to the fide ac, as 

the 
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Ae fide DE i$ to the df; then will the triangle abc be 
equiangular with the triangle def. 

For, make ag equal to de, and ah to of; and 
join GH : 

Then, fince the fides ag, ah are equal to the fides 
BE, DF, and the angle a to the angle d {fy HypJ)^ the 
fide GH will alfo be equal to the fide ^f, and the triangle 
AGH to the triangle dff (I. 4.) 

And, fince ab is to ac as ag is to ah {by Hyp*), the 
line GH will be parallel to the line bc (VI. 3.) ; and con- 
fequently the angle agh is equal to the angle abc, and 
the angle ahg to the angle acb (I. 25.) 

The triangle abc is, therefore, equiangular with the 
trkngle agh, and confequently it will alfo be equiangular 
with the triangle def. Q. E. D, 

P R O ?• Vn. Theorem. 

In a right angled triangle^ a perpendicu* 
lar from the right angle, is a mean propor- 
tional between the fegments of the hypo- 
ten ufe ; and each of the fides is a mean 
proportional between the adjacent fegment 
and the hypotenufe. 



Let ABC be a right angled triangle, and cd a perpen- 
dicular from the right angle to the hypotenufe ; then will 

M 4 CD 
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CD be a mean proportional betweeti Ap and db ; ac a 
mean proportional between ab and ad ; and bc between 
AB and BD. 

For, iince the angle bdc is equal to the angle acb 
(I. 8.)» ^nd the angle b is common, the triangles dbc, 
ABC will be equiangular (I. 28. Cor,) 

And, in the fame manner, it may be 0iewn, that the 
triangles ADC, abc are equiangular ; whence the tri- 
angle ADC is alfo equiangular with the triangle dbc 

But the tides of equiangular triangles are proportional 
(VI. 5.) ; therefore the fide ad is to the fide cd, as. the 
fide CD is to the fide db. 

In' like. manner, iince the triangles adc, dbc are each 
of them equiangular Vith the triangle abc, ab will be 
to AC as AC is to AD / and ab to bc as bc is to bd 

(VI. 5.) 

Q, E. D. 

CoROLL. If ACB be a femicircle, and cd a perpendi- 
cular let fall from any point c ; then will ADXDB=pc% 
abXad=:ac% and ABXBDit:BC% 


PROP- 
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P R O P» VIIL Problem, 

To find a third proportional to two given 
right lines. 


AH 


Bh 



Let A, B In; two given right, line^ ; it is required Iq 
find a third proportional to them. 

Draw the two indefinite right lines cf, cc, xnakiiig 
any angle c, and take cd equal to' a, and ce^ df each 
equal b (I. 3.) 

Alfo join the points D, £,• and make fg paralle] to 
DE (!• 27.) ; and £a will be the third proportional re- 
quired. 

For, fince cfg is a triangle, and de is parallel to fq 
{by Cofi/1.) CD will be to df as CE fs to eg (VI. 3.) 

But DF is equal to CE, by conftru£tipn j therefore cd 
is to CE as c£ is to eg. 

And, fince CD is equ^l to a, and c£ to b {hyConJi,\ 
^ will be to B as B is to eg. 

Q. E. D. 

ScHOi^iUM. A third proportional to t\^o given right 
lines, may aUb be found by means of the laft propo- 
fition. 

For let ad, pc be two given right lines, one of whicl^ 

DC is perpendicular to the other* 

J . .... .. 
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Then if cb be drawn at right angles to AC, and ad 
be produced till it meets the former in b^. db will be a 
third proportional to ad and DC as was required. 

Again, let bd, dc be the two given right lines, placed 
at right angles to each other, as before : 

Then, if ca be drawn at right angles to bc, and bdi 
be produced till it meets the fornier in a, da will be a 
fourth proportional to bd and dc« 


PROP. IX. P R B L E M. 

« 

. To find a fourth proportional to three 
given right lines. 


A»- 


BH 


CH 



Let A, B, c be three given right lines ; it is required to 
find a fourth proportional to them. 

Draw the two indefinite right lines dg, ph, making 
any angle D ; and take de equal to A> df (o b^ and eg 
to c (I. 3.) 

Join the points e, f, and make gh parallel to £F (J. 27* ) 9 
and FH will be the fourth proportional required. 

For, fince dgh is a triangle, and ef is parallel to GH 
{by Cottjl.) D£ will be to df as eg is to fh (VI. 3.) 

But 0£ is equal to A, df to B, and ig to c (tj 
Canjl.) ; therefore a will be to p as c is to fh (V. 9.) 


PROP, 
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PROP. X. PsoBtEM. 

To find a mean proportional between two 
given right lines. 


Let A, B be two given right lines; it is required to 
find a mean proportional between them. 

Draw the indefinite right line co, in which' take cb 
equal to A, and ed equal to b (I. 3.} 

Upon CD defcrlbe the femi-circle cfd, and from the 
point f eicQ the perpendrcular ef (I. ii.) ; and it will 
be the mean proportional required. 

For join the points cf, fd : 

Then, becaufe dfc is a femi-circle, the angle cfd is 
a right angle (III. i6>}t m<1 confequently the triangle 
COF is rectangular. 

And fince a perpendicular from the right angle is a 
mean proportional between the fegmcnts of the bypote- 
Dufe (VI. 7.], £F win be a mean proportional to ce, 

ED, 

But CE is equal tf A,, and ED to B {kyCex^.); there, 
fore EF will be a mean proportional to a and b, aa wat 
to be Aewn, * 

Scholhum. If CD, DE be the two given line^, of will 
b* a mean proportional to ^em. 

And if CD, CE be the given lines, CF will be a mean 
proportional to them (VI. 7.) 

PROP. 


/ 
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t> R O P, XI. P H O B t E M. ' 

4 * 

To divide a given right line into two 
parts which (hall have the fame ratio with 
two given right lines. 


A^ 



Bi i 

Let cb be a given right line, and a, b two other givfn 
^ight lines ; it is required to divide cd into two parts 
which (hall be to each other in the ratio of a to b^ 

Draw the indefinite right line CG, making any angle 
With CD ; and make cf equal to a, and fg to b (I. 3.) :' 

Join the points GD; and make F£ parallel to go (1. 27.}; 
j^nd it will divide cd in the point js as was required. 

For, fmce cdg is a triangle, and fe is parallel to ob 
j(^by Conjl.)^ CE will be to ED as CF.is to fg (VL 3.) 

But CF is equal to a, and fg to b {by Conjl.) j there- 
. fore CE will be to Ep as a is to b (V. 9.) 

Qi E. p. 

ScHOLii^M. In nearly the fame manner may a thirds 
fourth, or any mother part be cut oS* from a given line cd. 

For if CG be made the fame multiple of cf that cd i.s 
iof the part, and cd, F£ be drawn as above, ce wiU t^ 
toe part required. 


?ROP. 
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•PROP. XII. Theorem. 


If four right, lines he proportional, th^ 
reftanglc of the extremes will be. equal tQ 
the reftangle of the means : and if the redt^ 
angle of the extremes be equal to the reft-? 
angle of the means, the four lines wiUbQ 
proportionals 
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Let AB be to cd as e is to f ; then will the re(9angle 
of AB and F, be equal to the rediangle of CD and e. 

For make bh perpendicular to ab, and equal to f 
(I. 10. 3*), and dg perpendicular to cd, and equal to £ ^ 
and in dg take dk equal to bh (I. 3.), and draw k^. 
parallel to cd (I. 27. } 

Then, fince parallelograms of equal altitudes, are to 
each other as their bafes (VI. i.), the parallelogram Aif 
will be to the parallelogram ck, as ab is to cp. 

And fince ab is to cp as £ is to f {hy Hyp,)^ or a$ po 
is to DR {by Confl.\ the parallelogram ah will alfp be tq 
the parallelogram. <:k as dg is to dk (V. 11.) 

But parallelograms of the fame bafe, are to each otber 
as ^eir altitudes (VI. 2.)i whence the parallelograin 
CO will alfo be tQ the parallelogram ck as po is to dk. 

And 
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And becaufe ratios which are the fame to the fame 
ratio are the fame to each other (V. ii.), the parallelo- 
gram AH will be to the parallelogram CK, as the paral- 
Jelogram cg is to the parallelogram cic. 

But magnitudes which have the fame ratio to the fame 
liijignittide are equal to each other (V. lo.) ; wtiefice 
ibt re£hngle ah is equal to the reSang^e co. 

Again, let ah, the redbingle of the extremes, be equal 
to CG, the re£tangle of the means ; then will ab be to cd 
as E is to F. V, 

For, let the fame conftruiEtion be made as before : 

Then, fince reflangles of equal altitudes are to each 
other as their bafes (VI. 2O9 ^^^ redangle ah will be to 
the rectangle ck as ab is to CD^ . 

And, becaufe the refbngle ah is equal to the re£bmgle 
CG {hy Hyp.)^ CG will alfo be to CK as ab is to cd (V. 9.) 

But CG is to CK as dq is to dk or bh (VI. 2.) con- 
iequently ab will be to cd as dg is to bh (V. 11.}. 

And fince dg is equal to £, and SH to F, ab will be 
to CD as £ is to F (V, 9«) 

Q^ E. D. 


PROP. 
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P R O >. XIII. T'MEORIM. 


« ^ - • 

If three right Hoes bq .proportional^ the 
re&anglc of the extremes mil be equal td 
the fquare of the meaA : and if the itOtzh^t 
of the extremes \it equal 'to the fquare of 
the meftn, the three lines will be propor- 
tional. 




F^- 


Let AB be to CD as cd h to e ; then vf'iSX the rectangle 
cf AB and s be equal to the fquare of CD. 

For make bk perpendicular to ab (I. lo.) and equal 
to E (I. 3.) J and upon cd defcribe Ac (quare CG (II. I.), 
and make f equal to cd. 

Then, fince cd is equal to F, aQd ab is to cd as cd 
is to E {hy Hyp.)y ab will alfobe to CD as f is to E (V.9.) 

And, fince thefe four lines are proportional, the redan- 
glc of AB and £ will be ^qual to the re£iangle of cd 
and F (VI. 12.) 

'But the reftangle of cD and F is equal to the fquare of 
CD, becauie cd is equal to f ; therefore, alfo, the re£l- 
.ahgle of AB and e will be equal to the fquare of CD. 

Again; if the reSangle of ab and e be equal to the 
' fquare of cd ; ab will be to cd as cd is to e. 

For let the fame coiiftrudion be made as before : 

4 Then, 
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Therij fince the rectangle of ab and £ is equal to the 
fquare of CD {by Hyp, )jZnd the fquare of cd is equal td 
^ e of CD and f (IL i.)^ the re£tangle of Afi 
and £ will alfo be equal to the reSangle of cd and f. 

But if the redangle of the extremes be equal to that of 
the means, the four lines are proportional (VI* i2*)i 
whence ab i&to cd as f is to £• 

And fince cd' is equal to F, by conftruftion, ab will 
6e to CD as CD is to £4 

Qi E. D. 


PROP. XIV. Theorem. 


Equal parallelograms and triangles have 
their fides about equal angles reciprocally 
proportional; and if the fides about equal 
angles are reciprocally proportional, the pa- 
tallelograms and triangles will be equal. 



Let AB> AC be two equal parallelograms, and dfa, 
AEG two equal triangles, having the angle daf equal to 
the angle gae j then will the fiJe da be to the fide ae, 
as the fide ag is to the fide af. 

For let the fides da, ae be placed in the fame right 
line, and complete the parallelogram ak. 

Then, 
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Then, becaufe the angles daf, .fae are equal to two 
right angles (I. 13.), and thp angle fae is pqual to the 
angle dag (I. 15.), the angles daf, dag are alfo equal 
(a two right angles ; and icCnfeqifently fag is 9 right line. 

And fince the parallelogram ab is pqual to the parallel- 
ogram AC [by Hyp,)^ and ak is another parallelogram^ 
AB i$ to AK as AC is to AK (V. 9.) 

But AB is to AK as DA to AE (VL i.}> ^nd AC to 
AK as AG to ^f; whence da is to ae as AG \% to 

AF ^Vv II.) 

And) if F£ be joined, it may lie fhewn, in like man- 
ner, that the triangle daf is to the triangle afe as the 
triangle GAE is to the triangle afe; and da to ae as 
AQ to AF, 

Again, let the ai^gle daf 6e equal to the angle gae, 
and the fide da to the fide ae as the fide ag is to the fide 
AF ; then will the parallelogram ab be equal to the paraU 
lelogram AC, and the triangle dfa to the triangle gae. 

For fince da is to ae as ag to af {by Hyp.)^ and D4 
to AE as AB to AK (VL I.), AG will be to AF as AB to 

AK (V. II.) 

But AG is to AF as AC to AK (VI. I.) ; whencc ab 
is to AK as AC to AK (V. II.}; and coniequently 
the parallelogram ab is equal to the parallelogram AC 
(V. ,0.) ^ ,' . ' " 

And fince triangles are the halves of parallelograms^ 
which have the fame bafe and altitude^ the triangle dfa 
^iil be equal tQ the triangle ga£. 

Q. E. D. 

CoROLL. The fides of equal rcSangles are reciprocafly 

proportional; and if the fides are reciprocally propor- 
* ' ji • . . 

tib^a], the rectangles will, be equal. 

N PROP. 


r *■ 
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PROP. XV. Probiem. 

Upon a given right line to defcribe a rec* 
tilineal figure, fimiJar, and fimilarly fituated, 
to a given rc<ailincal figure. 




Let AB be the given right line, and cdefg the given 
re£HlincaI figure ; it is required to defcribe a rectilineal 
figure upon ab, which (hall be fimilar, and fimilarly fitu* 

ated to CDEFG. 

Join DC, DF $ and at the points ,a, b, make the angles 
BAt, A^h equal to the angles dcg, cdg (I. 20.) 

In like manner, at the points b, l, make the angles 
BLK, LBK equal to the angles dgf, gdf y and bkH^ 
KBH equal to dfe, fde. 

Then, becaufe two angles in one triangle ar equal to 
two angles in another, each to each, the remaining angles 
in each o£ the correfponding triangles, will alfo be equal 
(I. 28. Cor.) 

And fince the angles ^lb, blk, are equal to the an- 
gles CGD, DGF, and lkb, bkh to gfd, dfe, the.angle 
ALK will be equal to the angle cgf, and the angle lkh 
to the angle gfe. 

And, in the fame manner, it may be fhewn that the an« 
gles KHB, HBA and b al are equa} to the angles fed, 
ZDC and occ. 

Thp 
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The figures abhkl and cdefg ?Jre, therefore, equi- 
angular : and they have their fides about the equal angles^ 
Mfo, prejportic^nd* " ^ 

For, fince the triangles' alb, cgd are eguiangulari 
AL will be to XB as CG tP gd (VI, 5.) ^ qr ALtq cg a9 

tB to GD (V. 15.) 

And, in like manner, XK wUrbe toXB as GF to Q1> 
(Vf.:J5.) ; orxvtoqF'asxB to'OU (V. 15.) ; 

But ratios whrch are the fame' to the fanic ratio arc the 
fame to each other (V. ii.Jj whence At will be to ^Q 
asLK to GT ;*or At to tK as CG to GT (V. 15:) 

And, in the feme rnanner, it -may be'fhewn, that th^ 
Jides about the angles 'jc, 'H, if. A, are jir6portit>nal to 
the fides aboiit* the angles F,E, D, c," 

^Th^%ufe A*BHl4|,"is,* therefore, fimHaj, '?nd fimilarly 

fituated with the figure gpefg '{VI. *!>£/; i.) j and it U 

• « * ' . 

oefcrlbed updn'fhe right line ab, as was to be done. 


>P R OrPv KVL £rHsaa^i»M. 
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each other tas theii^ares of their h0fiiQloeoa$ 
fides. 




Let ABG, D£F be two fimilar triangles, of which thci 
({desr AB9 ^£ are homologous ; then will the tpangl^ /^bc 


I 
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be to the triangle pzt as the fquare of ab is to the fqiiare 

of DE. 

For, on AB, DE defcribethe fquares al, dn (II. i.)|^ 
and let fall the perpendiculars co, FH (!• X2.) 

Then, fince the triangle* abc, d£f are fitnilar (fy 
Hyp»)9 AC will be to ab as df to db (VI. Def» i.) 5 or 

AC to DF as AB to DE (V. I5O 

And, becaufe the triangles agc, phf are equiangular, 
AC will be to CG as pf to fh (VJ. |.) -, or ac to PF as 

CQ to FH (V. 15.) 

But ratips which are the fame to the fame ratio, ar6 the 
(ame tpeach other (V. xi.) » therefore co is to fh as ab 
to PE-; or CO to AB as fh to pE (¥• 15.) 

And fmce triangles which have the ikme bafe, are to 
each oth^ ^s their s^ltitMdes (VL 2.}, th^ triangle abc 
18 to thi: triangle akb as co is to ak, or ab. 

In the fame manner it may be (hewn, that the triangle 
9EF is to the triangle dme as fh is to dm, or de* 

But CO has been (hewn to be to ab as fh is to de ; 
dierefore the triangle abc is to die triangle ax b as the 
triangle def is to the triangle dme (V. 11.) 

And fmce the fquare al is douUe the triangle akb 
(I. 3;^«), and the iquare dk is d<Hd>te die triangle dme, 
the triangle abc will be to the triangle def as theiquare 
Ah is to ^e fquare dn (V. f^ ^^ 15* ^ 

. Q. E. D. 
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PROP. XVII. Thior^^m. 


Similar polygons are to each other as the 
iquares of their homologous fides* 




Let AdcDF, FGHtKL be fimihr polygons, of whichAB^ 
fo are homolbgous fides"; then will the polygoii abcdb 
be to the polygon FGHtit ^s the fq[Uar<^ of ab is to the 
ft^uare of fg. 

For join the points bs, dD^ Hk and oi .* 

Then, fince the angle a is equal to the ahg!e F, andl 
AB is to A£ a$ FG is to Fit (VL Dtf. I.), tfae triangles 
tABj KFG will be equiangular, or fimllar (VI. 6.) 

And if, from the equal angles a£D, fki, there be taken 
the equal angles aeb, fkg, the remaining angles BKS^ 
OKI will alfo be equal tt» each other. 

But ED is to Ki as £a is to kf (VI. Def. i.andV. 
15.), and ea is to KF as eb to KG (VL 5. andY. 15*} \ 
whence ed will be to ki as eb is to KG (V. 11.) 

Since, therefore, the angles bed, gki are equal to 
each other, and the fides about them are proportional, thie 
triangles ^eo, gki will, alfo, be equiangulari orfimilar 
(VI. 6.) 

,An,A, in the fame mannfel^^ k May b6 (hewfi) that the 
6iangles sdo, G«i ate etquiangular, or fiiailar* 

N 3 But 


But firtiilar triangles are as the fquarts of their likift 
fides (VI. 16.) ; \Vhence t^e triangle eab is to the tti- 
angle kfg as the fquare of eb is to the fquare of kg^ 

And, for thjB fame j^eafon, the trianglt ebd is to the 
triangle Kcr as the fquare of eb is ttt th^ fquare of kg. 

But ratios which are the fame to the fame ratio, ztt 
the fame to each other (V. 11.); whence the triangle eab 
fs to the triangle kfg as the triangle ebI) is to the tri- 
angle KGI. 

And in the fame maHrier it may te fbewn that the tri* 
angle ebd is to the triangle kgi as the triangle bbc is to 
the tHangle igh; 

The triangle EAB^ therefon? ^ is ilb Ihc triangle kfG| 
a$ the triangle je^bd is to the triangle kgi, aiad as the 
triangle dbc is to the triangle igh (V. 11.) ' 

And fince the fum of the antecedents is to the fum o^ 
the . confequents as the firfl antecedent Is to its confe* 
quent (V. i6.)k the polygon abode will be to the polygon 
£GHiK'as the triangle £ab is to the triaiigle kfg* 

But the tiiangle bab is to the triangle kfg as the 
fquare of ^bjs to the fquare of Fa (VI. 16.)'; whence 
the polygon abcde is alfo to the polygon fchik as the 
ftjuare of ab is to the fqjiiai^e of fg- 

Qi E. D. 
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P. R O P. XVIII. Theorem. 


Parallelograms and triangles, having two 
equal angles, are to each other as the reft-, 
angles of the fides which are about thofe 
angles. 



Let AB, AQ be two parallelograms, having the angle 
BAF equal to the angle gae ; then will ab be to ac as* 
the rectangle of da, af is to the re£bngle of g a, ae. . 

For Ut the fides da, ae be placed in the lame right 
line, and complete the parallelogram ak. ' 

Then, becaufe the angles daf, fae, are equal to two 
right angles (I. 13.), and the angle fab is equal to 
dag (I, 15.), the angles daf, dag are alfo equal to two. 
tight angles ; whence fg is a right line (I. 14.) 

And iince parallelograms, of the fame altitudo, are to* 
eagb other as th^ir bafes (VI. i.), the parallelogram ab 
is to the parallelogram ak as ad is to ae. 

But AD is to ae as the redangle of ad, af is to the 
reSangle of ae, af (VI. 2. Cor. 2.) ; therefore ab is to 
AK as the re£langle of AD, aF is to the redVangle of ae, 

AF (V. II.) 

And in the fame manner it may be fhewn^ that .AC ns 
to AK as the rectangle of ag, ae is to the rectangle; oC. 

N 4 ' A«, 
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AE, AF ; whence ab is to AC as the re^angle of ad^ a^ 
is to the fe£langl« of AC, Afe (V. iittm/15.) 

Again, let dfa,, aeg be two triangles, having the 
angle daf equal to the angle ga£, then will dfa be to 
Aeg as the ^edtangle of da, af is to the rectangle 

of GA, AE« 

For. let the fides da, as be placed in the iame right 
line; and complete the parallelograms ab, ac, ak* 

Then, as before, ab is to ac a^ the redangle oJF da, 
af is to the re3angle bf AG, ae. 

But the triangles dfa, aig aire half the parallelogram^ 

AB, AC (I. 30.) ; whence 0fa is to aeg as the re£);angl6 

of OA) AF is to the rectangle oi ga, ae. 

Q, E- D.. 
Scholium. If the line ef be drawn, the latter part bf 

this propofition may be proved from the triangles, inde-^ 

pendently of the former, 

PROP. XIX. Theorem. 


1 

The redangies under the correfponding 
lines of two ranks of proportionals, are them- 
felve^ proportionals* 
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Lt't Pii be t6 cb as de Is to ff^ and gh to Qit as ^m 
ti Lit} then will the i&Skkn'gl^ of ab, gh be tQ'that of 


tiy bK as the re£bngle of de^ i^m is to that <f 

For draw mq^ £S at right angles to ab^ dk (L ii.% 
and make bp equal to gh, bq^ to CKy £r to lm, and 
£s to LN (I. 3.)i and complete the parallelograms ap^ 
<:q, DR and fs. 

Then fince j^arallelograihs, of the lame altitude, are to 
ieacb other as their bafts (VI. i.)-, ap will be to cp as 
^B to CB } and dr to fr as de to f£. 

Biit Ab is to CB as 0£ to fb {by Hyp.) ; whence ap 
^ili bb tb'cp as 9k to Ht (V^ ii.), tit ap to ba as cp 
to frR (V. 15.) 

And fince parallelograixi^ of the fame bafe are to each 
other as their altitudes (VI. 2.}) c:p will be to cq^as bp 
to Bqj and fr to IP's as £r to £s. 

Or, bebaufe bp^ ^<^are equal to gh, gr, and ERj^'fik 
to LMy LN {by Coh/l\ CP will be to tq^as gh to gk; 
and FR to FS as lm to tN (V. 9.) 

But gh is to GK as lm to ln {by Hyp,), therefore ci^ 
Will be^ to cc^^as FR is to fs (V. 11.), or cp to fr ais cq^ 
to FS (V. 15.) 

And it has been before JDhewh th4t AP is to ok ais cl^ 
^o FR ; whenfce Ap is to dR as cl:i^to F^ (V: i i.)j. or A' 
to cqj&s DR to Fs (V. 15.) . . " ' 

But AP is the re^angle of AB, gh j cq^of CB, GK; 
bR of DiE, LM ; and fs of fe, ln {by Cortft,) ; therefore 
the redlangle of ab, gh is to that of cb, gk as the red- 
ingle of DE, LM is to that of fe, ln. 

Q. E. D. 

CoROLL. The fquares of fiout proportiohal lines are 
l^mfrlves proportiodals* 

. !• R O P. 
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PROP. XX. T ft E o R E M. 

The fides and diagorials of four propor- 
tional* fi^uares, are ihemfelvcs proportional* 



M»\- 


Vr- 


J 


«rt. — 

, s . 

Let AC, EF, J^L and qN be foUr proportional fquares^ 
tbeo will their fides and diagonals be alfo proportionals. 

For^ make s a fourth proportional to. ab, eb and hk 
(VI. 9.] ^ and draw the diagonals bd and km. 

Then, fince ab is to eb as.HK is to s (by Conji,)^ AC 
IniXL be to EF as^Hi. is tp.the fqu^rc of s (VI. 19. Cor,) 

And becaufe a c is to ef as hl is to qn [by Hyp*)^ 
HL will be to the fquare of & as hl is to qn, or the fquare 
pf qK (V. ir.) 

But magnitudes which h^ive the fame ratio to the fame 
magnitude are equal to eacli other (V. lo.J 5 whence the 
iquare of s is equal, to the fquare of qjc. 

And fince cqi^al fquares have equal fides (II. 3.), s is 
equal to QK ; and confcquently ab is to EB as hk to 
to qic. 

Again, becaufc the triangles abjd, ebq are equiangu*- 
lar; AR will be to eb as bd to bg {VI. 5,) 

And becaufe the triangles hkm, ^kp arc alfo cquJ* 
^gular, l^K will be to qk, as km to kp (VI. 5.) . 

But AB has been fiiewn to be to i,b as hk is to ^{s:; 
confequently bb is to bg as km is to kp fV. 11.) 

Q, E. TS. 

PROP. 
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PROP. XXI. PROBtEM. 

I 

To cut a given right line in extreme and 
mean proportion • 



Let AB be the given right line ; it is ttquired to cut it 
in extreme and mean proportion. 

Upon AB defcribethe fquare ac (II. i.), andbifedlthe 
fide Ad in B (L lO.) ; and join BE. 

In £a produced) take ef equal to BB (I. 3.); and^ 
upon af defcribe the fqUare fh (II. i.) ; then will ab be; 
divided at the point H as was required. 

For fiftce df is the fum of Bb, ed, or eb, ea, and 
AF is their difference, the redangle of d^, FAisequalto 
the difference of the fquares of eb, ea (IL 13.) 

But the rectangle of df, fa is equal to dg, becaufe 
FA is equal to fg ; and the diiFerence of the fquares of 
£B, EA is equal to the fquare of ab (II. 14. Con) i vtrhence 
DQ is equal to AC 

And if from each of thefe equals, the part ak,^ which 
is common^ be taken away, the remainder AG will be cqiial 
to the remainder hc^ 

But equal parallelograms have the fides about equal 
angles reciprocally proportional (VI. 15.) j whence Hk 

is to HG as HA to HB. 

And fmce hk is equal to ad, or AB, and hg to ha^ 
Ab will be to ha as ka is to hb. Q^ £. D. 

P R O ?• 


m 


EtkMBNtS OF CtEOME^Hy. 


PROP. XXII. Problem. 

To divide a given right line into two fueh 
liarts^ that their rectangle may be equal to a 
given fquare, the fide of which is not greater 
than half the given line. 



^~t 


Let A? be the given line, and c the fide of the given 
iquare; Jt is required to divide AB-into twa fuch parts 
that their re£lahgle may be equal to the fquare of c. 

Upon AB defcribe the femicircie bda, and make bf 
perpendicular to ab (I. 1 1.), and equal to c (I. 3.) 

Through f draw fd parallel to ab (I. 27.) j and froih 
the point D where it cuts the circle, let fall the perpendi- 
cular DE (L 12O 3 iand ajA will be divided at £ as was 
required. 

For fince bda is a fimicircle (by Conji,)^ and de is 
perpendicular to the diameter ab [by Con/l.)^ the re<5l- 
angle of ae, eb will be equal to the fquare of eu ( VI. 7^ 
Car.) ^ 

But ED is equal to fb (I. jo.) or c 5 whence the reel- 
angle of AE^ £B will be equal tb the fquare of c as was 
to be fbewn. 

Scholium. When bf, or c, is equal to half ab, Fii 
wifl be a tangent to the circle, and th^ rectangle oF ae, 
SB will be the grestdt poiTible. 

PROP. 


I 

PROP, xxm, ^*ip»i,Bi#. 

To a givefi right line to add another righl 
line ftrch, that the rcdanglc of jhe whole 
and the part added (hall be equal to a givci> 
fquare. 



I^et AB be the given line, and c the fide of the givea 
Square ; it is require/d to>add a Hne to. ab fudi, that the 
re<%ingle of the whole and the part added fhall be equal 
to the fijuare of c« 

Make be perpendicular to ab (I. f i.)? and equal 09 
c (I. 3.) ; alfo bifciSi: ab in g (I. 10.), and join G£« 

Then, if ab be produced, and cd be taken equal to 0£ 
(I. 3.), the part BD will be added to ab, as was required. 

For 00 ab defcrihe the femicircle bfa, cutting ge ia 
F, and join fd» 

Then, fince the two fides gb, ge of ti^ triangle gzb^ 
are .equal to the two fides gf^ gp, of the triangle gdf, 
and the angle q is CQmmop, the angle gbh will be 
equal to the angle gfo, an4 the fide fd to the fide bz 

<1.4.) 

But the angle g be is a right angle (JbgConfiJ) ; whence 

the angle gfd k aUb a right angle ; and confejuently fp 

i& ^ tangent to ^e circle at f (III. IQ.) 


And iince or is a tangent td the circle, ^nd da is drawn 
to the op^fiie-pkn tf Ihe droiiinfereJEice) the i^dangle of 

L 

APy DA will be equal to the fquare of df (III. 29.} 

. ^Ut QF has been ifae wn to be Oqual* to B£,«r c 4 ^i^kence 

the figdax^le of ad^ Dff will alfo t>e |:qU^ %o t^efquait 

PROP. XXIV- Th?oreiw, 

Angles at the centres qv circumferences of 
equal circles, have the fame ratio with the 
arcs on which they (land. 




■ tet A*c, DBF he^ Mo equal cinrfes, it? i^hic^'BGC, 
ITHr are angles at the centre, and bac, edf angles at At 
circumference; then will-the arc «cbfc to the arc ef as 
the angle Boq is to the angle ehf, or as the aiigle bac 
iJo the angle^^DT. 

For 6n the circumference, of the circle. a«c t«ke any 
irtirtiber of arcs whatever dCj kl each eqtial^to Bc ; and 
on the drcumferenciB of the circle ^ef any nutnb^r.^f 
arcs whatever f'm, mn, each equal to bf ; and join 

OK, dL, «lU> -»N. ' • ' ■ 

^'Ehen,ibt*catife the«arCs'BC, CK, kl arc all cquU to 
each other, the anflcsBoej-c^KyKOL wiU alfo^e «t^ual 

<oeach other (HI* ai-) 
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% 

And, 'therefore, VKatever xDAiItipfe the arcBL is of th^ 
arc BC, the fame multiple will the angle .bgl be of the 
angle bgc. 

For the fa^e reafon, \frhatever multiple the arc "en is 
of the arc ef, the fame multiple will the angle eIin be of 
che angle EHF. 

If, therefore, the arc bl be equal to the arc en, th^ 
angle bgl will be equal to the angle ehn; and if equal^ 
equal ; and if kfs, lefs. 

But BL and BGL are any equimultiples whatever of BC 
and BGC, and en and ehn of ef and ehf ; whepce the 
arc BC is to the arc ef as the angle bgc is to the an- 

gle EHF (V..S-) 

And fince the angle bgc is double the angle bac, and 

the angle ehf is double the angle edf (HI. 14. )# ^hc 

arc BC will alfo be to the arc ef as the angle bac is to 

the angle edf (V. 13.) 


PROP. XX'V, Thkore 


'M* 


Tiie reftangle of the two fides of any tri- 
angle, is equal to the redlangle of the feg* 
ments of the bafe, made by a line bife^ing 
the verticle angle^ together with the fquarc 
of that line. 



Let ABC be a triangle, having the angle agb bifefted 
by the right line cd ; then will the re&angle of ac» C9 

be 


l.q^ ELEMENT? qP QEOMETftYt 

be equal to the reAaogle of ai>} di;i^ ^together witti (he 
iquarp of CD* 

For, about the triangle abc, defcribe the circle a£c 
(IV. 5.), cutting CD> produced^ in £; and join eb. 

Then^ bepaufe the angle Acp is ec^ual to the angle 
;^CB {6y Hyp.)y and the angle cad to the angle ckb (III. 
t$^)j the remaining angle adc will be eG|ual to the re« 
maining angle cbe (T. 28. Cor.) 

The triangles cad, ceb being, thcrefpre, pguianguTar, 
CA will be to CD as c^ to cb (VI. 5.) ; and cpnfequefit- 
)y the rectangle of cA, CB is equal to the re£biig!e of p£, 

CD (VJ. 12.) 

But the re£bngle of ce, cd is equal to the fe£langle pf 
f D, DC, together ^ith the fquare of cd (II. lo-) ^ whcpce 
the rectangle of ca, cb is alfo equal tp the redangle 
of ED, pc^ tpgethei: with the fquare of cp. 

And (Ince the re£langle of ed, pc is equal to the re&r 
angle of ad, db (III. 270» the rcdlangle of ac, cb }§a}fQ 
equal to the reSangle of ad, I^b, together with the i^uare 

of CD. 
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PROP. XXVI. Theorem. 

The redtangle of the two fides of any tri- 
angle, is equal to the redangle of the per- 
pendicular, drawn from the vertical angle to 
the bafe, and the diameter of the circum-. 
fcribing circle. 



Let ABC be a triangle, having cd perpendicular to ab ; 
then will the reftangle of ac, cb be equal to the re£lan« 
gle of CD and the diameter of the circumfcribing circle. 

For, about the triangle abc, defcribe the circle aec 
(IV. 5,) ; in which draw the diameter CE j and join eb. 

The^n^ fince the angle cad is equal to the angle ceb 
(in. 15.) and the angle adc to the angle ebc, being 
each of them right angles [Conji. and III, 16.), the re- 
maining angle acd will be equal to the remaining an- 
gle ECB (I. 28. Cor,) 

The triangles acd, ecb are, therefore, equiangular ; 
whence ac is to cb as ce is to cb (VI. 5.) ; and confe- 
quehtly the reftangle of ac, cb is equal to the reftangle 
of CD, CE (VI. 12.) Qt E. D.^ 

Scholium. When abc is an obtufe angle, the per- 
pendicular CD falls without the circle 3 but the fame de-* 

monftration will hold. 

"~ 

O PROP, 
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. PROP. XXVIL Theorem. 

The re£tangle of the two diagonals of any 
quadrilateral^ infcribed in a circle^ is equal 
to the fum of the rectangles of its opppfite 
fides. 



Let ABCD be any quadrilateral infcribed in/a circle, of 
which the diagonals are ac, bd } then Will the re£tangle 
of AC, BO be equal to the recS^angles of ab, oc and 

AD, BC* 

For make the angle cde equal to the angle ADd (1. 20*} ; 
then, if to each of thefe aiigles, there be added the common 
angle edb, the angle ade will be equal to the angle cdb. 

The angle OAE is alfo equal to the angle dbc, being 
angles in the fame fegment, whence the remaining angle 
A£D is equal to the remaining angle bcd (I. 28. Cor,) 

Since, therefore, the triangles aoe, bdc are equian- 
gular, AD is to ae as bd is to bc (VL 5.) ; and con- 
fequently the re£taagle of ad, bc is equal to the rectangle 

of AE, BD (VL 12.) 

Again, the angle cde being equal to the angle adb 
{by Con/i.)j and the angle ecd to the angle abd (III. 
15.), the remaining angle ced will be equal to the re- 
maining angle bad (I. 28* Cor.) 

The 
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The triangles ced, adb are, therefore, alfo equiangu- 
lar ; whence ab is to bd as £C is to dc (VI. 5.) ; and 
confequently the re£tangle of ab, dc is equal to the re6l« 
angle of ec, bd (VI. 12). 

And if, to thefe equals, there be added the former, the 
redangle of ab, dc together with the redangle of ad, 
BC will be equal to the rectangle of £C, bd together with 
the re£langle of ae, bd. 

But the re£langles of ae, bd, and Ec, bd are equal to 
the re£^angle of ac, bd (11.8.); whence the rectangle 
of AC, bd is alfo equal to the re^ngles of ab, dc and 

AD, BCf 

Q. E. D. 
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BOOK vn. 

DEFINITIONS. 

I* The common kStion of t^o planes, is the line in 
which they meet, or cut each other. 

2. A right line is perpendicular to a plane, when it is 
perpendicular to every right line which meets it in that 
plane. 

3. A plane is perpendicular to a plane, when every 
right line in the one, which is perpendicular to their com- 
mon fedion, is perpendicular to the other. . 

« 

4. The inclination of a right line to a plane, is the 
angle it makes with another line, drawn from the point 
of (e£tion, to that point in the plane, which is cut by a 
perpendicular falling from any part of the former. 

5. The inclination of ^ plane to a plane, is the angle 
contained by two right lines, drawn from any point in 
the common fe£lion,, at right angles to that fe£tion i one 
in one plane, and the other in the other. 

6. Parallel planes, are fuch as being produced ever fo 
far both ways will never meet. 

7. A plane is faid to be extended by, or to pafs through 
^ right line, when every part of that line lies in the plane. 


• ♦, 
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9 K O Py i. Theorem.' 

The common foftion of any two planes is 
a right line. ' » 



Let AB, CD be two planes, whofe common feflion is 
EF ; then will EF be a right line. 

For if not, let fge b^ a right line, drawn in the jdane 

< • . « « 

yiB ; and FKE another right line, drawn in the plane cd. 

Then, fince the lines fge, fke are in different planes^ 
thfcy muft fall wholly without each other. 

But the line fge, having the fame extremities with the 
line fke, will coincide with it : whence they coincide 
and fall wholly without each other, at the fame time^ 
which is abfurd. 

The lines FGE, fke cannot, therefore, be right lines ; 
and confequently the line ef, which lies in each of the 
planes, muft be a right line, as was to be fbewn. 

Scholium. One part of a right line cannot be ia a 
plane, and another part out of it;. For fmce the line can 
be produced in that plane, the part out of the plane, and 
the part produced would have different dire&ions, which 
i$ abfurd. 
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PROP. II. Theorem. 

* ft 

Any three right lines which mutually in- 
tcrfeft each other, are all in, the fame plane. 



Let AB, BC, CA be three right lines, which Inteffeft 
eacti other in the points a, b, c ^ then will thofe lines be 
in the fame plane. 

For let any plane ad pafs through the points a, b, and 
be turned round that line, as an ^xis, till it pafs through 
the point c. 

Then, becaufe the poii^ts a, c are in the plane ad, 
the whole line ac muft alfo be in it ; or otherwife its parts 
would not lie in the fame dire(9:ion. 

And, becaufe the points b, c are alfo in this plane, 
the whole line bc muft likewife be in it ', for the fame 
reafon. 

But the line ab is in the plane ad, by hypothefis; 
whence the three lines ab, bc, ca are all in the iame 
plane, as was to be {he^n. 

CoR. Any two right lines which interfe6): each otlier, 
are both in the fame plane ; and through any three points! 
a plane may be extended. 


PROP. 


\ 
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PROP. III. Theorem. 

If a right line bie perpendicular to two 
other right lines, at their point of interfec- 
tion, it will alfo be perpendicular to thp 
plane which paifes through thofe lines^ 



Let the right line ab be perpendicular to each of the 
two right lines bc, bd, at their point of interfedion B $ 
then will it alfo be perpendicular to the plane which pafles 
through thofe lines. 

For makd bd equal to bc ; and, in the plane which 
pafles through thofe lines, draw any right line be ) and 
join the points cd, ad, ae and ac : 

Then becaufe the fide bc is equal to the fide bd {by 
Con/l.)y and the perpendicular ab is common to each of 
the triangles abc, abp, the fide ad will alfo be equal 
to the fide ac (I. 4.) 

And fince the triangles cad, cbd are ifofceles, the 
re£|angle of ce, ep, together with the fquare of eb, is 
equal to the fquare of db ; and the redangle of c£, £i) 
together with the fquare «f ea, is equal to the fquar^ 
of AD (II. 20.) 

From each of tbefe equals, take away the re£bngle of 
CE) ED which is common, and the difference qf the 

O 4 fquarcs 
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fquares of eb, ea will be equal to the difierence of the 
fquares of db, ad. 

But the difference of the fquares of db, ad is equal to 
Ibe fquatic of ab (II. 14. Cor.) ; whence the d^rence of 
the Squares of $b, ea will alfo be equal to the fquare of 
ab ; and confequently ab is perpendicular to b£> as was 
to be fhewn. 

CoROLL. If a right line be perpendicular to three other 
right lines, at their point of interfe£iion, thofe lines will 
be all in the fame plane* 

For if either of theni) as be, were above or below the 
plane which pafles through the other two, the angle ab^ 
would be lefs or greater than a right angle. 

PROP. IV. Theorem. 

If two right lines be perpendicular to the 
fame plane, they will be parallel to each 
other. 
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het the right lines ab, cd be each of them perpendi- 
cular to the plane fg, then will thofe lines be parallel to 
each other. 

For join the points d, b ; and, in the plane fg, make 
DE perpendicular to db, and equal to ab(I,ii. 3.) ; and 
join the |)oints ae, ad. 

' * ^ Then, 
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Then, fince the right lines ab, cd are perpendicular 
to the plane fg (By Hyp.)y the aYigles abd, abe, cdb 
and CDE will be right angles (VII. Def. 2.) 

Andbecaufe the fide ab, is equal to the fide kb (ly 
Con/i.), the fide db common to each of the t'riartgles "bad, 
BED, and the angles abd, bde right angles^ (iy tiyp. and 
Cb^.), the fide ad will alfo be equal to the fide £b(L 4.) 

Again, fince the fides ad, d£ are equal to the fides 
£B, ba, and the fide ae is common to each of the tri- 
angles £BA, EDA, the angle ade will alfo be equal to the 
angle abe (I. 7.), and is, therefore, a right angle* 

And, becaufe the line ed is at right angles with each 
of the three lines da, db, dc^ thofe lines, together with 
the line ab, Will be ^11 in the fame plane (Vll. 3.'Ci?r*) 

Since, therefore, the lines ab, BD, do ai*e all ih 
the fame plane, and the angles abd, cdb are each of 
them a right angle, the line ab will be parallel to the 
line CD (!• 23.), as was to be (hewn. 

Cor. Any two parallel right lines ab, cd, 2^rc in the 
fame plane ; arid any right line da, which interfeds 
thofb parallels, is in the fame plane with thein. 


PROP. 
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PROP. V. Theorem. 

If two right lines be parallel to each other, 
and one of them be perpendicular to a plane ; 
the other will alfo be perpendicular to that 
plane. 


( 
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Let A B, CD be two parallel right Unes, one of which, 
AB^ is perpendicular to the plane fg ; then will the other 
CD be alfo perpendicular to that plane. 

For join the points d, b ; and, in the plane fg, make 
DE perpendicular to db, and equal to ba (I* ii*3*) ; and 
join AE, AD and eb : 

Then, becaufe ab is perpcnditirul^r to the plane fg (by 
Hyp,) the angles abd, abe will be right angles (VII. 
Def. 2.) 

And, iince the fide ab is equal to the fide ed (by Hyp,)y 
the fide db common to each of the triangles bad, bed, 
^nd the angles abd, bde right angles {by Conji. andHyp.\ 
the fide ad will be equal to the fide eb (L 4.) 

Again, fince the fides ad, de are equal to the fides 
£B, BA, and the fide ae is common to each of the tii- 
angles ead, ebd, the angle ade will be equal to the 
angle abe (I. 7.)> and is, therefore, a right angle. 

And, becaufe the right lines ab, cd ar# parallel to 
each other {by Hyp.)j and the line ad interfe£b them, 
they will be all in th^ fame plane (VII. 4. Cor.)^ and the 

^ngW 
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angle abd being a right angle, the ahgle cdb will alfo 
be a right angle (1.25.) 

But fince ed is at right angles to db, da, it is alfo at 
right angles to the plane which pafles through them { VH. 
3.) ; and confequently to dc (VII. Def, 2.) 

The line dc is, therefore, perpendicular to each of tl^ 
lines DB, DB ; whence it is alfo perpendicular to the plane 
fG (VII. 3.}, gs was to be {hewn. 

PROP. VI. Theorem. 

If two right lines be parallel to tlie fai^ic 
right line, though not in the fame plaqc 
with it, they will be parallel to each other. 



K 


Let the right lines ab, cd be each of them parallel to 
the right line ef, though not in the iame plane with it 5 
then will ab be parallel to cd. 

For take any point g in the line ef, and Aaw the 
right lines gh, gk, each-perpendicular to ef (I. n.), 
in the planes af, ed of the propofed parallels: 

Then fince the right line ef is perpendicular to the two 
right lin^s gh, qk, at their point of interfeaion g, it 
will alfo be perpendicular to the plane hgk which pafles 
through thofe ;ines (VIII. 3.) 

And becaufe the lines AB, EF are parallel to each other 
{by Hyp.)^ and one of them, ef, is perpendicular to the 
plane *HpK, the other, ab, will alfo be perpendicular to 
that plane (VII. 5.) 

And, 
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And, in like manner, it may bc^ proved that Ae line 
CD is alfo perpendicular to the plane-HGic, 

But when two right lines are perpendicular to the 
fajne plane, thejr are parallel to each other (VIL 4.); 
whence the line ab is parallel to the line CD, as was to 
be Ihewn. 

PROP, Vn. TnnqtmM. 

If two right lines that meet each other, be 
parallel to two other right lines that meet 

« • ■ • * 

each other, though not in the fame plane 
with them, the angles contained by thofe 
lines will be equal. 



Let the two right lines ab, bc, which meet each other 
in the point b, be parallel to the two right lines dEj ef 
which meet each other ip the point £ { then will the angle 
ABC be equal to the angle def. 

For make ba, bc, ed, ef all equal to each other (1. 3.), 
and join ad, cf, be, ac and df. 

Then, becaufe ba is equal and parallel to ed {by Hyp.]y 
AD will be equal and parallel to be (I. 29.} 

And, for the fame reafon, CF will alfo be equal and pa- 
rallel to be. 

But lines which are equal and parallel to the fame 
line, though not in the fame plane with it, are equal and 

parallel 
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pitrallel to each other (I. 26. and VIL 6.) \ whence ao 
is equal and parallel to cf. 

And fuice lines which join the correfponding extremes 
of two ecjual and parallel lines are alfo equal and parallel 
(L 29. )» A^ ^'^^ ^^ equal and parallel to bf. 

The three fides of the triangle abc are, therefore, 
equal to the three fides of the triangle oef, each to each ; 
whence the angle abc is equal to the angle D£P (I. 7.}, 
as was to be (hewn. 

^ PROP. VIII. Problem.' 


To draw a right line perpendicular to a 
given plane^ fcom a given point in the plane. 



Let A be the given point, and Bc the given plane ; it 
is required to draw a right line from the point a that (hall 
be perpendicular to the plane bc 

Take any point £ above the plane bc, and join ea ; 
and through a draw af, in the plane bc, at right angles 
with EA (I. II.) J ^^^ if ^^ ^^ ^Ifo at right angles 
with any other line which meets it in that plane ; the 
thing required is done. 

But if not, in the plane bc, draw AG at right angles 
to AF (I. II-) \ and in the plane eg, which pafTes 
through the points e, a, g^ make ah perpendicular to 

AG, 
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AG (I. II.), and it will alfo be perpendicular to the plane 
BC, as was required. 

For, fince the right line fa is perpendicular to eadi of 
the right lines ae, ag {hyCon/I.)^ it will alfo be perpen- 
dicular to the plane eg which pafles through thbfe lines 

(yii.3.) 

And becaufe a right line which is perpendicular to a 
plane is perpendicular to every right line which meets it 
in that plane {Def, 2.)9 fa will be perpendicular to AH. 

But AG is alfo perpendicular to ah (by Con/i,) ; whence 
AH) being perpendicular to each of the right lines fa, ag, 
it will alfo be perpendicular to the plane bc (VII. 3), as 
was to be fliewn« 

PROP. IX. Problem. 

To draw^ a right line perpendicular to a 
given plane, from a given point above it. 



Let A be the given point, and bg the given plane ; it 
is required to draw a right line from the point a that 
ihall be perpendiciilar to the plane bg. 

Take any right line bc, in the plane bg, and draw ad 
perpendicular to bc (I. 11.) > then if it be alfo perpen- 
dicular to the plane bg, the thing required is done. 

But if not, draw db, in the plane bg, at right angles 
to Bt (I. ii), and make af perpendicular to de (L 12*) ; 

then 
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then will af be perpendicular to the plane bg, z9 was 
required. 

For, through the point f, draw the line mo parallel to 
the line bc (I. 27.) 

Then fince the right line bc is perpendicular to each of 
the right lines da, D£, it will alfo be perpendicular to 
the plane which pafles through thofe lines ( VII. 3. ) 

And becaufe the lines bc, hg are parallel to each 
other, and one of them, bc, is perpendicular to the plane 
ADF, the other, hg, will alfo be perpendicular to that 
plahe (VII. 5.) 

But if a line be perpendicular to a plane it will be per- 
pendicular to all the lines which meet it in that plane 
(VII. Def. 2O ; whence the line hg is perpendicular 

to AF. 

And fince the line af is perpendicular to each of the 
lines HG,£D, at their point ofinterfedion F,it will alfo be 
perpendicular to the plane bg ( VIL 3), as was to be (hewn. 


PROP. X. Theorem. 

Planes to which the fame right line is 
perpendicular^ are parallel to each other. 



Let the right line ab be perpendicular to each of the 
planes CD, ef 3 then will thofe planes be parallel to each 
other. 


2o8 ELEMENTS OF GEOMETRY. 

For if they be not, let tbem be produced till tfaej meet 
each other ; and in the line gm, which is their commoa 
fedlion, take any point k ; and join ka, kb : 

Then, becaufe the line ab is perpendicular to the plane 
EF (^ Hyp,)y it will alfo be perpendicular to the line bk» 
Which lie^ in that plane (VII. Def. 2.) } and the angle 
ABK will be a right. angle. 

And, for the fame reafon, the line ab, which is perpen- 
dicular to the plane dc {by Hyp.)j will be perpendicular to 
|}ie line ak ; and the angle bak will alfo be a right angle. 

The angles -abk, bak are, therefore, equal to two 
right angles, which is abfurd (I. 28.) } and confequently 
the planes can never meet, but muft be parallel to each 
other (VII. Def. 6O1 a$ wa$ to be fliewn. 

PROP. XI. Theorem. 

If two right lines which meet each other, 
be parallel to two other right lines which 
meet each other, though not in the fame 
plane with them, the planes which pafs 
through thofe lines will be parallel. 



Let the right lines ab, bc, which meet each other in 
b, be parallel to the right lines db, ef, which meet each 
ether in e, though not in the fame plane with them ; then 
will the plane abc be parallel to the plane def. 

4 For 
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For through the point b draw BG perpendicular to the 
plane dfe (VII. 9.} ^ and make gh parallel to D£, and 
GK to EF (I. ay.) 

Then becaufe bg is at right angles with the plane dfe, 
it will alfo be at right angles with each of the lines gh, 
GK which meet it in that plane [Def. 2* ) 

And fince gh is parallel to be or ab {lyConJi.€mi 
VII. 6.}) 2nd BG interfeds them, the angles bGvH, gba 
are^ together* equal to two right angles (I. 25.) 

But the angle bgh has been (hewn to be a right angle $ 
whenpe the angle gba is alfo a right angle \ and confe* 
quently gs is perpendicular to ba. 

And, in the fame manner, it may be ihewn^ that OB 1^ 
perpendicular to ;^. 

The right line 09^ therefore, being perpendicular t6 
each of the right lines ba, bc, will alfo be perpendicu* 
lax to the [rfane acb through which they pafe (VII, 3.) 

But planes to which the fame right line is perpendicu* 
lar are parallel to each other (VII. lo.) > whence the 
plane acb is parallel to the plane idfe* 

Q; E. D* 
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P R O ?• XJI. Theorem. 

If any two parallel planes be cut by ano- 
ther plane, their common feiftions will be 
parallel. 



Let the two parallel planes ab, cd be cut by the plane 
EGHF ^ then will their common fe£lions £F, gh be pa- 
rallel to «ach other. 

For if EF, GH be not parallel, they may be pro- 
duced till they meet, either on the fide fh, or the 
fide £G. 

Let them be produced on the fide fh, and meet each 
other in the point k. 

Then, fince the whole line £FK is in the plane ab, 
or the plane produced, the point k muft be in that plane. 

And becaufe the whole line ghk is in the plane cd, 
or the plane produced, the point k muft alfo be in that 
plane. 

Since, therefore, the point k is in each of the planes 
AB, CD, thofc planes, if produced, will meet in that 
point. 

But the two planes are parallel to each other, by hypo- 
thefis ; whence they meet, and are parallel, at the fame 
time, which is abfurd. 

The 
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The lines ef, gh, therefore, do not meet on the fide 
FH ; and, in the fame manner, it may be proved, that 
iliey do not meet on the fide Et3 9 confequentiy they are 
parallel to each other. Q. £• D. 


PROP. Xin. Theorem. 


If a right line be perpendicular tp a plaije, 
every plane which paflcs through it will alfo 
be perpendicular to that plane« 



G A 
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Let the right line ab be perpendicular to the plane CK ; 
then will eyery plane which pafles through that line be 
alfo perpendicular to ck» 

For let Ed be any plane which pafles by the line ab ; 
and in this plane draw any right line gf perpendicular to 
^e common fe£^ion ce (I. ii.) 

Then, becaufe the line ab is perpendicular to the plane 
CK [byHyp.)^ it will alfo be perpendicular to the line CE ; 
and the angle abf will be a right angle (VII. Def. 2.) 

And fince the angles i^BF, cfb are each of them a 
right angle, and the lines ab, gf are in the fame plane» 
they will be parallel to each other (VII. 4.) 

Since, therefore, thefe lines are parallel to each other, 
and one of them, ab, is perpendiciular to the plane ck, 

P 2 the 
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Ae edier^ or, will , alfo be perpendiculftr to &ftt plane 
(VII. 5.) 

But one pbme is perpenctieuUr to anotfaery when tmj 
fight Ufie that can be drawn in it, at right angles to the 
cMnmon fedion, is alfo at right angles to the other plane 
(VII. Dff. 3.) ; whence the plane ed is perpendicular to 
iht plane CK) as wsA to be ihewn. 


P R O ?• XIV. TflEOREM. 

If two planes which cut eachotlicr, be 
each of them perpendicular to a third plane^ 
their common fe<^ion will alfo be perpendi- 
cular to that plane. 



V 


L«t the two planes ab, cb be each orthem perpendi- 
cular to the plane acd ; then will their common fe£lion 
£D be aUb perpendicular to acd. 

For if not, let de be drawn in the plane ab, at right 
angles to the common fedtion ad ; and df in the plane 
CB at right angles to the common fe£tion dc (I. 11.) 

Then bf caufe. the plane ab is 'perpendicular to the 
plane acd (iy Hyp.)j the line de will alfo be perpendi- 
cular to that plane (VII. 3.) 

And 
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And fince the plane cb 18 perpendicular to the plane 
ACD {by Hyp.)j the line df will alfo be perpebdicular to 
Aat plane (VIL 3,) 

But lines which are perpendicular to the fame plane 
are parallel to each other (VII. 4.); whence the lines 
i>£, DF meet, and are ^Irallel at th^ ianie time, which 
is abfurd. 

Thdb liliest therefore^ are not {wttiendicular to die 
plane acd; and die fame maybeflicwn of any odi^rtiM 
but DB ; whence db is perpendicular to acd, as was in 
be (hewn. 
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:.. D.E F IN I r J O N S. 

^ I. A -fiatlid ang^e is tliat' which is made by three or 
more plane, aogles, which meet each other in the fame 
points. ..'. * 

2. Similar folids, contained by plane figures, are iuch 
as have all their folid angles equal, each to each, and are 
bounded by the fame number of fimilar planes. 

3. A prifm is a folid whofe ends are parallel, equal, 
and like plane figures, and its fides parallelograms. 

4. A parallelepipedon is a prifm contained by fix pa- 
rallelograms, every oppofite two of which are equal, alike, 
and parallel. 

5* A redlangular parallelepipedon is that whofe bound- 
ing planes are all re£tangles, which are perpendicular to 
each other. 

6. A cube is a prifm, contained by fix equal fquare 
fides, or faces. 

7. A pyramid is a foUd whofe bafe is any right lined 
plane figure, and its fides triangles, which meet each 
other in a point above the bafe, called the vertex. 

8. A cyliAdfcr is a folid generated by the revolution of 
a right line about the circumferences of two equal and 
parallel circles, which remain fixed. 

^9. The axis of a cylinder is the right line joining the 
(f^tfes ^f (he two parallel chrcles, about which the figure 
is defcribed. 

10. The 
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10. A cone is a folid generated by the revolution of a 
right line about the circumference of a circle, one end of 
which is fixed at a point above the plane of that circle. 

11. The axis of a cone is the right line joining fhe 
vertex, or fixed point, and the centre of the circle About 
which the figure is defer ibed* 

12. Similar cones and cylinders are fuch as have their 
altitudes and the diameters of their bafes proportional. 

13. A fphere is a folid generated by the revolution of a 
femi-circle about its diameter, which remains fixed. 

14. The axis of a fphere is the right line about which 
the femi-circle revolves ; and the centre is the fame as 
that of the femi-circle. - ; 

15. The diameter of a fphere is any ri^ li^e psi^ng 
through the centre, and terminated both ways by the 
furface. 


PROF. I. Lemma. 

If from the greater of two Jiwgnitudes^ 
there be taken more than its half; and from 
the remainder, more than its half ; and fo 
on : there will at length remain a magni- 
tude lefs than the leaft of the pfopcrfed mag- 
nitudes. 


j^ 


hB 


CH 


!>•- 
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Let AB and c be any two magnitudes, of which ab Is 
the greater } then, if from ab there be taken more than 
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ks half; and from the remainder more than its half; and 
fo op : there will at length remain a magnitude left 
than c. 

For iince ab and c are each finite magnitudes, it is 
evident that c may be taken fuch a number of times as at 
length to become greater than ab. 

Let, therefore, de be fuch a multiple of c as is greater 
than AB, and divide it into the parts df, fg, ge, each 
equal to c. 

Alfo from AB take bh greater than its half; and from 
<he remainder ah, take hk greater than its half, and fo 
M, till there be as many divifibnfi in ab as there are 
in DB. 

Tfaisn becaufe DB is greater than ab, and bh, taken 
Ikaim ab, is greater than its half, but £G, taken from db, 
js not greater than its half; the remainder gd will bo 
greater than the remainder ha. 

And, again, becaufe od is greater than ha, and hk, 
takoi from ha, is greater than its half, but of, taken 
from GD, is not greater than its half; the remainder fd 
W31 be greater than tlie remainder ak. 

But fD is equal to c by conftrudion^ whence c is 
greater than ak ; or, which is the fame thing, ak is lefs 
^an c, as was to be fbewn. 
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P R O P. II. Theorems* 

Similar polygons infcribed in circles^ are 
to each other as the fquares of the diameters 
«f thofe circles* 




Let ABCDE, FOHKL be two (imikr polygons, Infcribed 
in the circles abd, fgk : then will the polygdn aj^cds 
be to the polygon fghkl as the fquare of the diameter 
BM is to the fquare of the diameter CN. 

For join the points b, e and a, m, c, t and f, n : 

Then, becaufe the polygon abcdi is fimiiar to die 
polygon FoacL {kyUyp.)^ the angle bae is eqind to t&« 
aagle ofl, and b a is to a€, as of h to fl (VI» Def. r*) 

And, fince the angle bae, of the triangle abe, iseqiial 
to the angle gfl, of the triangle fg4.j ^nd the ftdfes «bout 
Aofe angles are proportional, the angle Ae» will fifo be 
equal to the angle flq (VJ. 5.) 

But the angle aeb is equal to the angle amb« and the 
angle flg to the angle fng (III. 15.), confequeotLy the 
angle amb is aUb equal tp the angle F«6. 

And fince tfaefe im^es a» eqoal to eoqh ocfaer, ^uid the 
angles BAM,6rH are each of them dg^aoglet (ilj. 16.}^ 
file ong^ MA A will alfe be equal to the angle WCF (L tS* 
GfT.), and 6M m\\ iae to &h as ba ii to or (Vi. ;*} 

.But 
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But the polygon abcde is to the polygon fghkl as 
the iquare of ba is to the fquare of gf (VI. 17.)^ there- 
fore the polygon abcdb is alfo to the polygon fchkl as 
the fquare of bm is to the fquare of ok. 

' Q- E. D. 


PROP. III. Theorem. 

» 

A pblygon may be infcribed in a circle 
that (hall differ from it by lefs than any 
afllgned magnitude ^Yhatever• 




Let ABCD be a circle, and s any given magnitude 
whatever ; then may a polygon be infcribed in the circle 
ABCD that {hall diiFer from it by lefs than the magni- 
tude s. 

For,, let AC, £g be two fquares, the one defcrtbed in 
the circle abcd, and the other about it (IV. 6, 7.) ; and 
bife& the arcs ab, bc, cb, da^ in the poitits m, », r 
and s (IIL 23.); and join Am, mB^ Bn^ nCy cr, rD^ 
US and sA : 

Then fmce the fquare ag is half the fquare eg (1, 32.) 9 
and the fquare so is greater than the .circle abcd, the 
fquare ac will be greater than half the circle abcd. 

In like manner, if tangents be drawn to the circle 
through the points m^ »» r, /, and parallelograms be de^ 

fcribed 


BOOK. THE EIGHTH. 


219 


fcrlbed upon the right lines ab, ^c, cd, da^ the trian« 
gles AmB, B»c, crD, DJA Will each of them be half the 
parallelogram in wbicbit ftands (I. 32*} 

But every fegment is iefs than the parallelogram wfaicli 
circumfcribes it } and therefore each of the triangles a«ib,' 
B»c, crD, DsA is greater than half the fegment of the 
circle which contains it. 

And, if each of the arcs Am, tkb, &c« be again divided 
into two equal parts, and right lines be drawn to the 
points of bife(^ion, the triangles thus formed, n:\ay in like 
manner, be {hewn to be greater than half the fegments 
which contain them ; and foon continually. 
' Since, therefore, the circle abcd is greater than the 
fpace s, and from the former there hgs been taken more 
than its half, and from the remainder more than its half^ 
&c. there wtU at length remain fegments which, taken 
together, (hall be Iefs than the excefs of the circle abcd 
above the fpace s (VIII. i.), as was to be (hewn. 

PROP. IV. T H E o r'e M. 


A polygon may be circumfcribed about a 
circle that £hall differ from it. by Iefs than 
any afligncd magnitude whatever. 



Let ABCD be the. circle, and s any given magnitude 

whatever J then may a polygon be circumfcribed about 

T 4 the 
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tht ctrde abgd, that &aH differ fr-om it bj left than the 
magnitude s. 

For let the circle abcd be circumscribed by the £quare 
tPGK (IV. 7.), and bifed the arcs ab, bc, cd^ da 
with the Hues ob, or, oc and oh ; and to the points of 
biie£lion draw the tangents kly mn^ pr^ st (III. ro*) 

Then ilnce U is a tangent to the circle, and oe is drawn 
bom the centre through the point of contafi, tiie angle 
Etfk is a right angle (III. 12.)) s^nd M,i will be greater than 
ix {!• 17.) or its equal ix. ' 

But triangles of the fame altitude are to each odier ds 
their bafes (VL i.) ; whence the bafe ^i being greater 
tiian the bafe iA, the triangle zxi will al&> be greater 
than the triangle ixA» 

And becaufe the triangle nxi is greater than the trian^ 
gle ixAf it will alio be greater than half the curvelineal 
fpace BXA : and the fame may be (hewn of any other tri- 
angle and the curvelineal fpacs to which it belongs. 

In like manner, if the arcs ax, ate, &c. be again bi- 
icAed, and tangents be drawn to the points of bife£lion, 
tfie triangles thus formed will be greater than half the 
curvelineal fpaces to which they belong. 

Since, therefore, the excefs of the fquare above the 
circle is greater than the magnitude s, and from die 
former there has been taken more than its half, and ftom 
the remainder more than its half, and fo on, there will 
at length remain fpaces, which, taken together^ fhall be 
lefs than the magnitude s ( VIll. i«}, as was to be {hewn. 
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PROP- V. Theorems, 

Circles are, to each other as the fquarcs of 
their diameters. 



X-?c 



Let ABCD, BFGH be two circlcs, and bd, fh their 
diameters: then will the fquare of BD be to the fquarc of 
FH as the circle abcd i^ to the circle efgh. 

For, if they have not this ratio, tbe fquare of bd will 
be to the fquare of fh, as the circle abcd is to fomc 
fpace either lefs or greater than the circle bfgh. 

Firft, let it be to a fpace sT lefs than the circle efgh 5 
and infcribe the two fimilar polygons aropq^ eklmn fo 
that the circle efgh may exceed the latter by leis than 
it exceeds the fpace st (VIII. 3.) 

Then,fince tht circle efgh exceeds the polygon eklmn 
by lefs than it exceeds the fpace sT, the polygon eklmm 
will be greater than the fpace st. 

And, bccaufc fimilar polygons, infcribed in circles, arc 
to each other as the fquares ot their diameters ( VIIL 2.)* 
the fquare of bd wil}be to the fquare of fh as the polygon 
AROPQ^is to the pcJygon eklmn* 

^ut the fquare of bd is alfo to the fquare of fh as the 
circle abcd is to the fpace sT {by Conjl,) 5 whence the 
circle abcd will.be to the fpace. st, as the polygon 
AROP<i,is to the polygon eklmn. 

I The 
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The circle abcd, therefore, being greater than the 
polygon AROPq, which is contained in it, the fpace st 

will alfo be greater than the polygon eklmn. , 

« 

It is, therefore, lefs and greater at the fame time, which 
is impofiible ; confequently the fquai'e of qd is not to th^ 
fquare of fh as the circle abcd is to any fpace lefs than 
the circle Cfgh* 

And, in the fame manner, it may be demonftrated^ 
that the fquare of fh is not to the fquare of BD as the 
circle efgh is to any fpace lefs than the circle abcd* 

Nor, is the fquare of bd to the fquare of fh as the 
circle abcd is to a fpace greater than the circle efgh. 

For, if it be poiiible, Jet it be fo to the fpace sx, which 
is greater than the circle efgh. 

The^, fince the fquare of bd is to the fquare of fh as 
the circle abcd is to the fpace sx, therefore, alfo, in- 
verfely, the fquare of fh is to the fquare of bi> as the 
fpace sx is to the circle abcd (V. 7.) 

But the fpace sx is greater than the crrcle efgh {fy 
Hyp.) ; whence the fpace sx is to the circle abcd as the 
circle efgh is to fome fpace lefs than the circle abcd 

(V. 14.) 

The fquare of fh is, therefore, to the fquare of bd as 
the circle efgh is to a fpace lefs than the circle abcd 
(V. II.), which has been (hewn to be impoffible. 

Since, therefore, the fquare of bd is not to the fquaf-e 
of fh as the circle abcd is to any fpace either Ipfs or 
greater than the circle efgh, the fquare of bd muft be 
to the fquare of fh as ^e circle a^cd i$ to the circle 
efgh. (}►. E. p. 

Cor. I. Circles are to each other as the fquares of 
their radii ; thefe being half the diameters, 

CoR. 
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1 
CdR. 2« If the radii or diameters'of three circles be re- 

fpeftively equal to the three fides of a right angled trian- 
gle, that whofe radius or diameter is the hypothenufe will 
be eqipl Co the other two taken together (IL 14.} , 

PROP, VI, Theorem. 


Every circle is equal to the reftangle of 
its radius, and a right line equal to half its 
circumference. 
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Let imps be a circle, and ov a re(^angle contained 
under the radius ok and a right line ow eqi^l to half the 
circumference ; then will the circle imps be equal to the 
redlangle ov. 

For if it be not, it muft be either greater or Icfs. 

Let it be greater ; and let the rectangle oz be equal to 
the circle imps\ and infcribe a polygon /«r/ in the circle 
imps that ihall differ from it by lefs than the magnitude 
wz (VIIL 3O 

Then fmce the triangle iot is equal to half a re(Slangle 
under the bafe if / and the perpendicular ojr (I*32.}9 ^^^ 
whole polygon will be equal to half a rediangle under its 
perimeter and the perpendicular ox. 

And becaufe ow is greater than half the perimeter of 
any polygon that can be infcribed in the circle imps 

(by 
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(by Hyp.)^ and o^ is greater than ox (L 17. )» the reft- 
angle o\r will alfo be greater than the polygon Inrt. 

Bttt the polygon dif&rs from the circle^ or from the 
redangle ox, by lefs than the magnitude ws {hy Canfi.)^ 
and ov differs from oz by wz ; confequently the polygon 
is greater jthan the re£^angle ov. 

It is, therefore, both greater and lefs at the fame time, 
which is abfurd ; whence the circle kmps is not greater 
than the re^ngk ov. 

Again, let it be lefs than ov, by the redangle wy ; 
and let bdfh be a polygon circumfcribed about the circle, 
that (hall differ from it by lefs than the magnitude wy 
(VIII. 4.) 

Then fince the triangle boa is equal to half a redangle 
under the bafe ba and the perpendicular ok (L 32- )) the 
whole polygon will be equal to half a r6£tangle under its 
perimeter and perpendicular o^. ' * 

And becaufe ow is lefs than half the perimeter of any 
polygon that can be ctrcumfcribed about die cirde [ky 
Iiyp^,)j and oi is commcm, the refbngle or mil alfo be 
lefs than the polygon bpfh. 

But die polygon differs from the circle, or from py, by 
lefs d)an the magnitude wy {by Hyp^)^ and ov diiSers 
from oy by wy ; confequently the rectangle ov will be 
greater than the polygon bdfh, which is abfurd. 

Since, therefore, the redangle ov is neither greater 
nor leis than the circle imps^ it mv& be equal to it, as 
was to be ihewh. 


PROP. 
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'PROP. VII. Theorem. 

The circumferences of circles are in prp- 
portion to each other as their diameters. 



Xct ABCD, EFGH be any two circles, whofe diameters 
are bd, fh ; then will the circumference abcd be to the 
circumference efgh as the diameter bd is to the diame* 
ter FH. 

For let CM, sp be two right lines equal to the femi- 
circumferences dab, hef, and on the radii oa, se make 
the fquares ok, sl (II. i.), and complete the redlangles 
ON, SR : • . 

Then fince the reftangles on, sr are equal to the cir- 
cle§ ABCD, EFGH (VIII. 6. )> and the circles are to each 
other as the fquares of their radii (VIII. 5. Cor.) the 
redangle on will alfo be to the fquare ok as the re£\an- 
gle SR is to the fquare sl (V. 9.) 

But ON is to OK as om to OD (VI. i,), and sr to 
SL as sp to SH (VI. I.) ; therefore, by equality, OM 
will be to OD as sp is to sh (V. 11.) 

And becaufe any equimultiples of four proportional 
quantities, are alfo proportional (V.'i3.), twice om will 
be to twice od as twice sp is to twice sh j or, by alter- 
nation, twice om is to twice sp asi twice od is to twice. 

SH. 

Q. But 
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But twice OM and twice sp are equal to the circum- 
ferences.ABCD, efgh {byConJi.) ; and twice od and twice 
SH are equal to the diameters bd, fh ; whence the circum- 
ference ABCD is to the circumference efgh as the diame- 
ter BD is to the diameter fK; Q. £• £>« 


PROP. VIII. Theorem. 

If a prifm be cut by a plane parallel to its 
bafe, the feftion will be equal and like the 
bafe. 


K 


£ 


1\^ 


N 


t 1- — \ 


-M 

\ 


P;- 


t 


1^ 


^L 


Let AG be a prifm, and klmn a plane parallel to the 
bafe ABCD ;. then will klmk be equal and like abcd. 

For join the points nl, and db : 

Then fince km, ac are parallel planes {by Hyp.)^ and 
the plane an cuts them, the fedion kn will be parallel to. 
the feftion ad (VII. 12.) 

And fince ak is alfo parallel to dn { VIII. Def. 3.), the 
figure AN is a parallelogram ^ and confequently kn is 
equal to ad (I# 30.) 

In like manner it may alfo be (hewn, that kl is equal 
to AB, LM to BC, and mn to CD. 

And fince KN, kl in the plane km, are parallel to 
AD, AB in the plane ac, the angle nkl will be equal to 
the angle dab (VII. 7.) 

The 
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The two ildes kk, kl of the triangle kln, beings 
therefore, equal to the two fides ad, ab of the triangle 
ABD, and the angle nkl to the angle dab, the triangle 
KLN will be equal and like the triangle abd (I. 4.) 

And in the fame manner it may be (hewn, that the 
triangle lmn is equal and like to the triangk BCD. 

But the triangles klk,. lmn are, together, equal to 
the fe£lion klmn ; and the triangles abd^ bcd to the 
fe£Uon ABCD; whence the fefiion klmn is equal and 
like to the fedlion a bcd. 

PROP. IX. Theorem. 


Prifms of equal bafes and altitudes afe 
equal to each other. 
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Let AM, ES be any two prifms, ftanding upon the 
equal bafes abcd, efgh, and having equal altitudes; 
then will am be equal to £s. 

For parallel to the bafes, and at equal diftances from 
them, draw the planes mp and vw. 

Then, by the laft propofition, the feSion mnps will be 
equal to the bafe abcd, and the fe<^ion voiur to the bafe 

J£FGH. 

0.2 But 
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But the bafe abcd is equal to the bale efgh by hypo- 
thefis i whence the fe£iton mnps is, alfo) equal to the 
fe&ipn voivr. 

And in the fame manner it may be fhewn, that any 
other feAionS) at equal diftances from the bafefi, are^qual 
to each other. 

Smce therefore every feSion in the prifai am is equal 
to its correfponding fedion in the prifm £s, die prifins 
themfelves, which are compofed of tilofe felons, muft 
alfo be equal. Q^ £. D* 

CoR. Every prifm is equal to a reSangular parallele- 
pipedon of an equal bafe ;ind altitude. 

PROP. X. Theorem. 


Redangular parallelepipedons, of equal al 
titudes^ are to each othei" as their bafes. 
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Let AC, MP be two re£langular parallelepipedons, hav* 
ing the equal altitudes ed, qr ; then wiH ac be to mf 
as the bafe be is to the bafe nq^ 

For in ab, produced, take any number of right lines 
AF, FL each equal tb ab ; and in mn, produced, take 
any number of right lines nt, Tx each equal to mn. 

Complete the parallelograms fe, fk, mv, tz, and 
make the upright folids ag, fh, nw, ty of equal alti- 
tudes with AC or MP. 

4 ^ ' ■ Then, 
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Then, becaufe af, fl arc each equal to ab, and nt, 
Tx are each equal to mn {by Conji.)^ the parallelograms 
FEy FK will be each equal to be, and the parallelograms 
NV, TZ to NQ^(n. 5.) 

And, fince the folids ag, fh have equal bafes and aU 
titudes with the folid ac, they will be each equal to ac 
(VIIL 9.) ; and, for the fame reafon, the folids nw, ty, 
will be each equal to nr. 

Whatever multiple, therefore, the bafe Bfc is of the 
bafe BE, the fame multiple will the folid bh be of the 
folid AC ; and, for the fame reafon, whatever multiple 
the bafe mz is of the bafe nQj the fame multiple will the 
fdid MY be of the folid MR. 

If, therefore, the bafe bk be equal to the bafe mz, the 
folid BH will be equal to the folid my ; and if greater, 
grater s and if lefs, lefs \ whence the bafe be is to. the 
bafe NQg as the folid ac is to the folid nr (V, Def. 5.) 

Qi E. D. 

Cor. From this demonftration, and the Cor. to the 
laft Prop, it appears that all prifms of equal altitudes, are 
to each other as their bafes ; every prifm being equal to 
a re£tangular parallelepipedon of an equal bafe and alti- 
tude. 


Q 3 PROP. 
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PROP. XL Theorem. 


Re£langular parallelepipedons of equal 
bafes are to each other as their altitudes. 
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Let AK, £P be two redangular parallelepipedons (land- 
ing on the equal bafes ac, eg ; then will ak be to ep as 
the altitude am is to the altitude Es. 

For let AW be a reftangular parallelepipedon on the 
bafe AC, whofe altitude av is equal to thq altitude es of 
the parallelepipedon ep : 

Then, fince the bafe ac is equal to the bafe eg {hy 
Ifyp')j and the altitude av is equal to the attitude es {by 
Conft.)^ the folid AW will be equal to the folid ep ( VIIL g.y 

And if AL, AY be confidered as bafes, the folid ak: 
will be to the folid aw as the bafe al is to the bafe 

AY (VIIL 10.) 

But the bafe al is to the bafe ay as the fide am is to 
the fide av (VI. i.); whence by equality the folid ak 
will be to the folid aw as the altitude am is to the alti« 
tude AV (V. II.) . 

Since, therefore, the folid aw is equal to the folid ep, 
and the altitude av to the altitude es, the folid ak will 
alfo be to the folid ep as am is to £S (V. 9*) 

Q; E. D. 
Cor. 
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Cor. From the reafon given in the Cor. to the laft 
Prop, it follows, that all prifms of equal bafes, are to 
each other as their altitudes* 


PROP. XII. Theorem. 

The bafes and altitudes of equal rectangu- 
lar parallelepipedons are reciprocally propor- 
tional ; and if the bafes and altitudes be re- 
.ciprocally proportional, the parallelepipedons 
will be equal • 
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Let the rectangular parallelepipedon ar be equal to 
the redhngular parallelepipedon ey ; then wjU the bafe 
AC be to the bafe £G^ as the altitude eo is to the alti- 
tude AW. 

For let AL be a reClangular parallelepipedon on the bafe 
AC, whofe altitude ap is equal to eo, the altitude of the 
parallelepipedon ey. 

Then fince the altitudes ap, eo are equal to each 
other {Sy Confl,)^ the folid al will be to the (olid ey as 
the bafe ac is to the bafe eg (VIIL 10.) 

And becaufe the folid ar is equal to the fo]id sy 
(by Hyp,) J the folid al will be to the folid ar as ac is 
to EC (V, g.) 

Cl+ But 
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But the folid al is to the folid ar as ap is to aw 
(VIII. II.) ; whence, alfo, ag is to eg as ap is to aw 
(V, II.), or AC tp EG as eo to aw. 

Again, let ac be to eg as £0 is to aw ; then Vill AR 
be equal to ey. 

For, fince al i^ to ey as ac to EG (VIII. ic), and 
AC to EG as Eo to AW {h Hyp.)y AL will be to ey as 
EO to AW (V. li.) 

But £0, or AP, is to AW as al is to ar (VIIL ii.)i 
therefore al will be to ey as al is to ar {V. ii.) 

And ftnce the antecedents are equal, the cohfequents 
\Vill alfo be equal ; whence the folid Ak is equal to tte 
folid EY, as was to be (hewn. 

Cor. The fame proportion will hold of prifms in gene- 
ral ; thefe being equal to re£bngular parallelepipedons of 
equal bafes and altitudes. 

PROP. XIII. Theorem. 


Similar re^t&ngulatr parallelepipediins are 
to^aeh other as the cubes of their like fidei. 
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et At) i^^ be two fimilar reflangular parallelepipe- 
dons, whofe like fides afe ab, kl ; then will at be to 
KP as th? cube of ab is to the cube Of kl. 

For let At, kW be two cubes ftanding ^n AX, Kfc, 

the fquares of the fides ab, kl. . 

Then 
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Then fince parallelepipedons on the fame bafe are to 
each other as their altitudes (VIII. 11. )> af will be to 
An as AH to Av, %)t AB ; and k^ to tas as ku to ky» 

or KL. 

But the planes ABEtl, KLOit being fimilar (YIII. Dgf. 
2.), AH, will be to Ab as kr is to kj. (VI. Def, i.) ; 
whence af is to An as kp to Ks (V. n.)i or af to 
KP as A« to Ks (V. 15.) 

Again, fince parallelepipedons of the fame altitutle are 
to each other as their bafes (VIII. ic), at will be ta 
An as ax to Ac ; and kw to ks as kz to km. 

And becaule ax, or the fquare of "ab, is to ac, as 
KZ, or the fquare of kl, is to km (VI. 17,) ; at will 
be to An as kw is to ks (V, 11.) ; or at to kw as a» 
to kx (V. 15.) 

But af has been fiiewn to be to kp as An is tfo kj ; 
therefore, alio, af is to kp as at to kw (V. ii.} 

Qi E. D. 

CoR. I. Similair reAangular parallelepipedons are to 
each other as the cubes of their altitudes ; thefe being 
confidered as like fides of the folids* 

Cor. 2. Every prifm being equal to a paralldepipedeii 
of an equal bafe and altittide (VIII. 9. C^r.), all fiimkr 
prifms will be to each other as the cubes of their altitudes, 
or bke fides. 


PROP. 
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PROP. XIV. Theqrem. 

If a pyramid be cut by a plane parallel to 
its bale, the fedion will be to the bafe as 
the fquares of their 4^A^npes from the 
vertex. 



Let EDABC be a pyramid, and mo a fedion parallel to 
the bafe AG ; then will mo be to AC as the fquares of their 
diftances from the vertex. 

For draw £S perpendicular to the plane of the bafe AC 
(VII. 9*} ; and join ds and pr. 

Then, fince mp^ mn are parallel to ad, ab (VII. 12)^ 
the angle pmn will be equal to the angle dab (VII. 7.) ; 
and pm will be to DA as zm to £ a, or as mn to ab 
(VI. 3.) 

For a like reafon each of the angles in the fe£lioa m^ 
are equal to their correfponding angles in the bafe AC, 
and the fides about them are proportional ; whence mo is 
fimilar to AC (VI. Def. i.) 

And becaufe^m is parallel to da, and^r to ds (VII. 
12.), pm will be to DA as zp to ed^ or as £r to £s 

(VI. 3) 

The 
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The lioes pm^ da, Er and es being, therefore, pro- 
portional, the fquare of pm will be to the fquare of j>a, 
as the fquare of £r is to the fquare of es (VI. 19. Car J) 

But the fquare oipm is to the fquare of da as mo is to 
AC (VI. 17.) ; whence the fquare of ^r is to the fquare 
of £s as )R^ is to AC (V. II.) 

Q. E. D, 

Cor. If a pyramid be cut by a plane parallel to its bafe, 
the fedion will be fimilar to the bafe. 


PROP. XV. Theorem, 

Pyramids of equal bafes and altitudes are 
equal to each other. 




Let EDABC, LKFGH be any two pyramids, of which 
the bafe AC is equal to the bafe fh, and the altitude 
ES to the altitude LP \ then will edabc be equal to 

I.KFGH. 

For make 'B.r equal to L0 \ and draw the fedions mriy vwy 
parallel to the bafes ac, fh. 

Then, by the laft proportion, the Iquare of Er is^«to 
the fquare of ex as mn is to ac ; and the fquare of lo to 
the fquare of lp as vw is to fh. 

And fince the fquare of Er is equal to the fquare of lo 
{Conji. and II. 2.) ; and the fquare of es to the fquare 

of 
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oTlp {f^» and n. 2.),. mn will be to ac as vw is Co 

But AC is equal to fm, by hypothefis; whence mn is, 
alfo^ equal to vw (V. 10.) 

And, in the fame manner, it may be fhewn, that any 
other fe£lions, at equal diftances from the vertices, are 
tqual to each other. 

Since, 'therefore, every fe£^ion in the pyramid ebabc 
is cqoal to its correfponding kSdoti in the pyramid lkfgk, 
the pyramids themfelves, which are compofed of thofe 
felons, muft alfo be equal* 

Q, E. D. 


PROP. XVI. Theorem. 

Every pyramid of a triangular bafe, is the 
third part of a prifm of the fame bafe and 
altitude. 



Let DABC be a pyramid, and fisa^e a prifm, ftanding 
vipon the fame bafe abc, and having the fame altitude -, 
then will dabc be a third of fdab£. 

. Fs>T in the planes of the three fides of the priim, draw 
the diagonals db, OC and ce : 

Then 
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Then becaufe db divides the parallelogram ae Into two 
equal parts, the pyramid whofe bafe is abd, a(id vertex 
c, is equal to the pyramid whofe bafe is bed and ver- 
tex c (VIII. 15.) 

And fince the oppoHte ends of the prifm are equa(to 
each other {Ylll.De/. 3.), the pyraftiid whofe bafe is 
ABC and vertex D, is equal to the pyramid whofe ba& is 
DEF and vertex c (VIII, 15.) 

But the pyramid whofe bafe is abc and vertex d, is 
equal to the pyramid whofe bafe is abd and vertex c, be- 
ing both contained by the fame planes. 

The three pyramids dabc, cbBo and cefd are, there- 
fore, all equal to each other ; and confequently the prifm 
fdabe, which is compofed of them^ is triple the py- 
ramid dabc, as was to be (hewn. 

Con. Every pyramid is the third part of a prifm of the 
fame bafe and altitude i fince the bafe of the prifm, what- 
ever be its figure, may be divided into triangles, and the 
whole folid into triangular prifms, and pyramids. 

Scholium. Whatever has been demonftrated of the 
proportionality of prifms, holds equally true of pyramids ; 
the former being always triple the latter. 


• PROP. 
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PROP. XVII. Theorem. 

If a cylinder be cut by a plane parallel to 
its bafe^ the fedion will be a circle^ equal 
to the bafe^ 



Let AF be a cylinder, and ghic a fe£lion parallel to its 
bafe ABC ; then will ghk be a circle, equal to abc. 

For let the planes ne, nf pafs through the axis of the 
cylinder ln, and meet the feftion ghk in m, h and k. 

Then, fince the circle def is equal and parallel to the 
circle abc (VIII. Def.S.), the radii lf, le will be 
equal and parallel to the ra4ii nc^ nb (III. 5. and 
VII. 12.) 

And becaufe lines which join the correfponding ex- 
tremes of equal and parallel lines are themfelves parallel 
(1. 29.}, FC, £B will be' parallel to ln; or kc, hb to 

In like manner, fmce the circle ghk: is parallel to the, 
circle abc {by Hyp,)j mk, mh will be parallel to 

NC, NB. 

And, becaufe the oppofite fides of parallelograms are 
equal (I. 30.), mk. will be equal to nc, and mh to nb. 


But 
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But Nc, NB are equal to each other, being radii of 
the fame circle ; whence mk, mh are alfo equal to eack 
other. 

And the fame may be (hewn of any other lines, drawn 
from the point m, to the circumference of the (eStioa^ 
GHK ; confequently ghk is a circle, and equil to abc, 
as was to be fhewn. 

PROP. XVIII. Theorem. 

Every cylinder is equal to a prifm of an 
equal bafe and altitude. 
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Let AH be a cylinder, and dm a prifm, (landing upon 
equal bafes ACB, def, and having equal altitudes ; then 
will AH be equal to dm. 

For parallel to the bafes, and at equal diftances from 
them, draw the planes onm^ and vrw* 

Then, by the laft Prop, and Prop. 8, the fe£tion onm. 
is equsj:! to the bafe acb, and the fedion vrw to the 
bafe DEF. 

But the bafe acb is equal to the bafe def, by hypo« 
thefis ; whence the fe6lion gnm is alfo equal to the (ec- 
tion vrw^ ' 


And| 
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And, in die fame manner, it may be (hewn, diat any 
other fedipns, at equal diftances from the bafe, are equal 
io each other. 

Siacf 9 dieidore, every fedion of the cylinder h equal 
to its corre^ondcnt fedion in the prifm, the folids them- 
lelves, which are compofed of thofe ie&ions, muftalfo 
be^qual. 

Qi E. D. 

Scholium. Whatever has bcfen demonftrated of the 
proportionality of prifms, holds equally true of cylinders ; 
the fonner bcinf equal to the latter. 

PROP. XIX. Theorem- 

If a cone be cut by a plane parallel to its 
bafe, the feftion will be to the bafe as the 
fquares of their diftances from the vertex. 



Let DABC be a cone, and nmp a fedion parallel to the 
bafe ABC } then will nmp b* to abc as the fquares of their 
diftances from the vertex. 

For draw the perpendicular vr; and let the planes 
CDP, BDP pafs through the axis of the cone, and meet 

the fedion in 0, p^ and m. 

■%. 

Then 
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Then fince the fe£^ion nmp is parallel to the bafe abc 
{by Hyp,)^ .2in^ the planes d«, qo cut them, op will be 
parallel to PC, and om to fb (VIL 12.) 

And becaufe the triangles fornied by thefe lines afe 
equiangular, om will be to Pb as 'do to dp, or as op t^ 
PC (VL 5.) 

But PB is equal to PC, being radii of the fame circle; 
wherefore om will alfo be equal to op (V. 10.) 

And the fame may be (hewn of any other lines drawn 
from the point to the circumference of the fedion nmp ; 
whence nmp is a circle. 

Again, by fimilar triangles, dj is to Dr as no to dp» 

or as om to pb ; whence the iquare of dx is to the fquare 

• of Dr as the fquare of om is to the (quare^of pb (VI. 19,) 

But the fquare of om is to the fquare of pb as the 
circle nmp is to the circle. Abc (VIII. 5.); therefore 
the fquare of ds is to the fquare of Dr as the circle nmp is 
to the circle abc (V. ^i.) 

Q, E. D^ 

Cor. If a cone be cut by a plane parallel to its bafe 
the fe£lion will be a circle. 


PROP. 
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PROP. XX, Theorem. 

- Every cone is equal to a pyramid of an 
equal bafe and altitude. 




Let dAbc be a c6nc, and k^fgh a pyramid, {landing 
upon equal bafes abc, efgh, and having equal altitudes 
top, KS ; then will DABC be equal to KEFGH. 

For parallel to the bafes, and at equal diftances DOf 
Kr from the vertices, dravr the planes nmp and vw. 

Then, by the laft Prop, and Prop, ijj the fquare of 
DO is to the fquare of dp as nmp is to abc ; and the fquare 
of Kr to the fquare of ks as vw to eg; 

And fince the fquares of d^, dp are equal to the fquarcs 
of Kr, KS [Conjl. and II. 2.), nmp is to abc as vw is 
to EG (V* ii.) 

But ABC is equal to Ed, by hypothefis; wherefore nTrtp 
is, alfoj equal to vw (V. to.) 

And, }n the fame manner, it may be (hcwn^ that any 
other feclions, at equal diftances from the vertices, ar« 
equal to each other. 

Since, therefore;, every fedlion in the cone is equal to 
its correfponding fe^lion in the pyramid^ the folids 
PABC, KEFGH of which thcy are compofed, muft be equal. 

Q, E. D. 

P ^ o p.. 
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t R O P. XXL Theorem. 


Every cone Is the third part of a cylinder 
of the fame bafe and altitude* 




Let EAB be a cort€, and dabc a cylinder, of the fame 
bafe and altitude ; then will eab be a third of dAbc. 

For let KFG, KFGH be a pyramid and pfifm, having 
an equal bafe and altitude with the cone and cylinder. 

Then fince cylinders and prifms of equal bafes and aU 
titudes arc equal to each other (VIII. 18*), the cylinder 
DABC will be equal to the prifm kfgh. 

And, becaufc cones and pyramids of equal bafes and 
altitudes are equal to each other (VIII. 20, }j the cont 
£AB will be equal to the pyramid kfg. 

But thei pyramid kfg is a third part of the prifm kfgh 
(VIII. i6-)» wherefore the cone eabIs, alfoj a third part 
6f the cylinder dAbc. 

Q. E. D. 

Scholium i. Whatever has been demonftrated pf the 
proportionality of pyramids, prifms, or cylinders, holds 
equally true of cones, thefe being a third 0/ th6 latter. 

2. It is alfo to be obferved, that fimilar cones and cy- 
linders are to each other as the cubes of their altitudes, 

R a or 
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or the diameters of their bafes ; the term like fides being 
here inapplicable* 


PROP. XXII. Theorem. 

If a fphere be cut by a plane the fedioa 
will be a circle. 



Let the fphere ebd be cut by the plaae b^d | then will 
BiD be a circle. 

For let the planes abc, ajc ,pafs through the axis of 
die fphere bc, and be perpendicular to the plane b^d. 

Alfo draw the line BO; and join the points a> Band 
i\ s : 

Then fince each of the(e planes are perpendicular to 
the plane hsDj their common fedion Ar will alfo be per- 
pendicular to that plane (VII. 14.) 

And, becaufe the iides ab, Ar, of the triangle ABr^ 
are equal to the fides aj, at of the triangle Asr^ and the 
angles ArB, Ars are right angles, the fide rB will be 
equal to the fide rs (I. 4.) ^ 

In like manner, the fides AD, Ar, of the triangle Aor, 
being equal to the fides aj, Ar, of the triangle a jr, and 
the angles ArD, Ars right angles, the fide rD will alfo 
be c.]u: 1 to the fide rs (I. 4.) 

The lines rB, rD artd rs, are, therefore, all equal ; and 

the fame may be fbewn of any other lines, drawn from the 

2 point 
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point r to the ciccnmference of the &^on ; whence B50 
is a circle, as was to be fhewn. ^ 

Cor. The centre of every fe^^op of a fphere is always 
in a diameter of the fphere. 

PROP. XXIII. Thsokem. 

Every fphere is two thirds of its circura^ 
fcribing cylinder^ 



Let r£jM be a fphere, and oabc its circumfcribing 
cylinder ; then will ri^M be two thirds of dabc. 

For let AC be a fe£lion of the fphere through its centre 
F ; and parallel to DC, or ab, the bafe of the cylinder, 
, draw the plane lh, cutting the former in n and my and 
join F£, F», FD and Fr. 

Then, if the fquare Er be conceived to revolve round 
the fixed axis Fr, it will generate the cylinder £c ; the 
quadrant F£r will alfo generate the hemifphere EMrBj 
and the triangle FDr the cone fdc^ 

And fince fh» is a right angled triangle, and fh is 
equal to h/^i, the fquares of fh, h^, or of H/n, Hn, are 
- equal to the fquare of Fn. 

But Fff is alfo equal to fe or hl ; whence the fquares 
of Hm, \in are equal to the fquare of ml : or the circular 

R 3 fedtions ^ 
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ie£lions whofe radii are Hm, H» are equal to the circular 
fedion whofe radius is hl (VIII. 5. Cor.) 

And as this is always the cafe, in every parallel pofition 
of HL, the cone fdc and cylinder £c, which are com* 
poled of the former of thefe fe<3ions, are equal to the 
hcmifphere pMrE, which is compofed of the latter. 

But the "cone FDC is a third part -of the cylinder ec 
(VIII. 21.); whence the hemifpherc EMrE is equal to 
the reniaining two thirds ; or the whole fphere rExM to 
two thirds of the whole cylinder dabc, as was to be 
fhewn. 

Cor. I. A cone, Iicmifphere, and cylinder, of the 
fame bafe and altitude, are to each other as the num- 
bers I, 2 and 3, 

CoR. 2. All fpheres are to each other as the cubes of 
their diameters ; thefc being like parts of their circura- 
fcribing cylindefs> 


NOTES 
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NOTES AND OBSERVATIONS. 


. Def. I. Book I. 

THE definition of a folid, contrary to the ufual me* 
thod, is here made the firft of the firft Book; as thofc 
of a point, line and fuperficies are all derived from it, 
and cannot be underftood without it. "uclid feems to 
have placed it in the eleventh book of the Elements, for 
the fake of uniforipity 5 but arrangements of this kind, 
which are merely arbitrary, are but of little confequence, 
and fhould therefore always be made to give place to 
perfpicuity and the natural order of things. 

D E F, 2, 3*. 4. B o o li^ I. 

Thefe definitions are now, by means of the former, 
' rendered perfe£bly clear and intelligible, fo that any far- 
there lucidation of them is altogether unneceflary. Dit« 
SiMSON has endeavoured to ihew, by a formal proof, 
(drawn from the confideration of a folid, that a point, ac- 
cording to Euclid's definition, is without parts, a linp 
without breadth, and a furface without thicknefs; but 
this, and all other demonft rations of the fame kind, are 
unfcientific and fuperfluous'; for thefe propeirties are To 
pbvioufly efiential to the things defined, that they cannot, 
even in idea, be feparated from them. If a point hfad 
parts, it woufd be a line; if a line had breadth it would 
be a ftiperficies ; and if a (bperficies had thicknefs, it wotild 
be a folid j which are all manifeft cohtradrftibns. It is, 
^^f^dqs, a fufe ii^n that a definiti0n is badly exprefiSd, 

R 4 Whf<^ 
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when it requires a number of prolix arguments to efta- 
bliib its trt^th and propriety. 

D £ F. 5* B o o K I. 

EuctiD's definition of a right line is not exprefled in 
fo accurate and fcientific a manner as could be wiihed ; 

.the lying evenly between its extreme points, is too vague 
and indefinite a term to be ufed in a fcience fo mucb 
celebrated for its ftri£lnefs and fimplicity as Geometry. 
Archimedes defines it to be the fhorteft diftance between 
any two points ; but this is equally except ionable^ on ac- 
count of the unceruin fignification of the word diftance, 
which, in common language, admits of various mean* 
ings. That which is here given, is, perhaps, not much 
preferable to cither of thefe. The term right, or firaighc 
line, is, indeed, fo common and fimple, that it feems to 
convey its own meaning, in a more clear and fatisfadory 

, manner, than any explanation which can be given of it. 
]!)r. Austin, in his Examination of the firft fix books of 
4th« Elements, proposes a fingular emendation of this de- 
finition, which includes the confideration of right linies, 

-infi^ad of a right line, as the cafe manifeflly requires. 

D E F. 6. B o o K I. 

Some call a plane fuperficies that which is the leaft of 

, ^11 thofe having the fame bounds ; and others, that which 

i« generated by the motion of a right line, not moving 

..in the dired^ion of itfelf; but thefe definitions are too 

complex and obfcure to anfwer the purpofe required. 

•^ !f ycLlP defines it to be that which lies evenly between its 

^ines ; which is liable to the fame exceptions as that,given 

pf a ri^ht line ; nor is the one which has be^n fubfiituted 

in 
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tn the place of this, by Dr. SiMisair, and other Editors, 
fo fimple and perfpicuous as could be wifhed. Nothing 
is gained by the explanation of a term, if the words in 
which it is exprefled are equally, or more, ambiguous, 
than the term itfelf : for this reafon, that which is here 
given, has been preferred to either of thofe abovemen- 
ttoned ^ though, perhaps, it Aay not be equally com- 
modious in certain cafes. 

It is alfo to be remarked, that Euclid never defines 
t>ne thing by the intervention of another, as is the cafe in 
Dr. Simson*s emendation; fo that if this method had 
occured to him, he would certainly have reje£led it. 

Def. 7. Book I. 

The general definition of an atigle in Euclid, has been 
properly objefted to, by feveral of the modern Editors, 
«s being unncceffery, and conveying no diftinfi meaning; 
and in Dr. Simson's emendation of the ninth, there 
feen^s 10 be ftill a fupeHIuous cbndition. He defines a re£li- 
Jineal angle, to be ^* the inclination of two flraight lines 
to one another, which meet together, but are not in the 
fame (Iraight Ifne ." Now their not being in the fame 
~ffra^ght line, is a neceflary confequence, obvioufly in- 
tluded in their having an tnclfnation to each other ; and, 
iherefore, to make this an eflential part of the deiini« 
lion, is certainly improper, and unfdentific. ' 

D £ F. 8, 9* IB o o K I. 

EtJCLiD includes a right angle and a perpendicular in 
the fame definition, which appears to be immethodical, 
and contrary to his ufual cuftom. They are certainly 
diftiit6l things, though dependent upon each other, and 

have 
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bavc as much claim tq be (bparately Refined, as a clrde 
aiQ4 its diameter, 

pE F. 13. Book I. 

The definition of a circle from its generation, haf 

been thought by Dr. Barrow anci others, to be preferable 

tQ Euclid's, or thp one^ere given j as it is fuppofed to 

furniib its properties more readily, and to have the ftill 

farther advantage of fhewing the aSual exiftence of fuch 

.a figure, independent of any bypothefis, but that qf 

granting the, pofSbility of motion^ But the requifition of 

this poftulatum, appears* to be a fpfficient reafop why 

Euclid rejedled fuch a definition. The principles of pure 

Geometry, have no dependence upon motion, and it is, 

therefore, never ufed in the Elements, bwt in two or 

three places of the eleventh book, where it could .not, 

without much obfcurity and circumlocution, have been 

eafily avoided. It is, befides, neither fo fimple, nor coa- 

vcnient to refer to, as Euclid's ; which^ in thefe refpedU, 

is as commodious as could be wiCbed. 

• . * 

D E F. 20. Book I, 

Df^, Barrow, and other writers of cpnfidcrable emi- 
nence, have cenfured Euclid for defining paralleHine?, 

.from the. negative property qf their never meeting eadi 
other; and to this they attribute all the . perplexity ai>d 
confufion, which has hitherto attended this delicate fub- 
je£l : affirming- it as an utter impoffibility, that any of 

; the properties of thefe lines, can be derived from a defini- 

,tion which contains only a fimple negation. But thefe 
aflertions appear to be groundlefs ; for the definition « 

. founded on one of the moil familiar, fimple and obvious. 

properties 
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properties of parallel lines, which either reafori or fcience 
can difcover : and, on this account, it is certainly pre- 
ferable to any other that could have been formed from 
more ^bftrufe and complicated aiFeflions of.thofe lines, 
how ready and ufeful foever fuch a definition might have 
been found in its application. 

The affertion, likewife, that none of the other pro- 
perties of parallel lines can be derived from this. 
definition, has been unadvifedly made ; for the 27th 
Prop, of the firft Element, which is the fame ^ the 22d 
of the prefenr performance, is fairly ^nd elegantly de- 
monftrated by it; at¥i by means fomething fimilar tp 
thofe made ufe of by Dr. Simson, in his Notes upon the 
29th Prop, it would not be difficult to (hew that all the 
other properties of thofe lines may be derived from this 
definition, without the aiSftance of the 12th axiom^-cir 
any other of the fame kind. Dr. Simson, indeed, in 
his attempt to demonftrate this axiom, has made feveral 
paralogifms which render his reafonings altogether in- 
valid, and nugatory. Faffing by others, of lefs confe- 
quende, it will be.fufficient to obferve, that in his iifth 
Propt he takes it for granted, that a line, which is per- 
pendicular to one of , two parallel lines, may be pro- 
duced till it meets the other : now this is a particular 
cafe of the very thing he is endeavouring to prove, which 
is fo ftrange an overfight, that it is remarkable how it 
could efcape his obfervation. 

This, however, is not the only inftance of an unfuc- 
cefsful attempt to prove the truth of the 12th axiom; 
for CLAVius.and others have committed fimilar mif- 
takes, and Dr. Austi^n, who has endeavoured to de- 
monftrate it by nieans of a new definition of parallel 

lines. 
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lines, hfls ititoe life oF an ailumption equally unwar- 
rantable with that mentioned above. That Ihe theory of 
parallel lines, as it is given in the Elements, is very 
imperfe£^, cannot be denied; but no one has yet been 
ftibftituted in its place which is not equally defective ; 
and in fome inftances fttU more exceptionable; par- 
ticularly as they are founded on a definition which is de- 
rived from an adventitious property of thofe lines, inftead 
of one Which is inherent and necefiary, as the nature of 
the fubjcA requires. 

Whether Euclid was the author of this axiom cannot 
perhaps, at this time, be eafily determined ; but it is cer- 
tainly a difgrace to the Elements. The truth of the pro- 
perty here aflTumed as a thing to be granted, is fo hr from 
being obvious, that it requires demonftration as much as 
any Prop, in the Elements ; and it is always obferved that 
learners, inftead of giving that ready afTent to it which an 
axiomatical principle requires, receive it with doubt and 
hefitation, and are fcarcely able to comprehend the mean- 
ing of it. The one which is here made the 4th popu- 
late, though nearly the fame thing in efFed, is nmch 
more clear and intelligible. 

P R o p. I. B o o K I. 

In the demonftration of this propofition, by Euclid, 
that part which relates to the interfefiion of the circles is, 
very improperly, omitted; for in a work of this kind, 
nothing, however evident, ought to be taken for grant* 
ed ; and particularly at the firft outfct, where a ftri(5lnefs 
of elucidation is peculiarly necefiary. The pa'ffing of the 
circles through each other's centres is, indeed, a fufficient 
reafon why they muft cut each other j but this (hould cer- 
tainly have been mentioned in the demonftration. 

Prof. 
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P R O p. 2. B O O K I. 

PROCLUS9 and other writers, have obferved, that this 
problem admitis of feveral cafes, according to the fituation 
of the point a ; but there is only one of them that can 
properly be called a feparate cafe, which is when the point 
A is at either of the extremities of the given line : and in 
^this cafe, if a circle be defcribed from the given point, at 
the diftance cb, any of the radii of that circle will be the 
line required* In all other Atuations of the point A, 
whether in the line ab, or out of it, the conftruSion and 
demonftration will be the fame as that given in the text ; 
v/hich diiFers from. Euclid's only in the producing of the 
line DA, after the circle fhg is defcribed ; this being 
thought more conformable to the terms of the propo* 

fition. 

Prop. 3. Book I. 

In the conftrudiion of this problem the line ad may 
full upon the line ab, and then the thing required is done. 
The given lines c and ab may alfo meet each other, at 
the point a ; and ^en a circle defcribed from that point, 
with the radius c, 'will cut off from ab the part required. 
This cafe occurs in the conftrudion of the 5th propo* 
fition following, and in feveral other parts of the Ele- 
ments, and, for that reafon, ought to have been mcR* 
tioned. In all other pofitions of the two given lines Eu- 
clid's con(lru£tion and demonftration are general. 

P R o P. 4. B o o K I. 

The demonftration of this propofition has been fre- 
quently objedled againft, as being too mechanical. But 
this complaint is frivolous and ill founded j for the ope- 

ration 
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ration of placing one triangle upon the other, is a mental 
one, and what is to be confidered as poffible to be efFe<3- 
cd, rather than adlually done. There is, befides, nd 
other way in which the equality of thefc figures can be 
efiablifiied, fo that any cavils about its ilierits or defeats 
^rt entirely precluded. 

Prop. ^J Book L 

Ei/CLiU, tn his demonftration of this propofitrort, has 
ihewn that the angles below the bafe are, alfo, equal to 
each other. But as this property is never referred to 
throughout the Elements, except in the demonftration of 
the 2d cafe of the 7th propofition following', the whole of 
which is both aukward and unneceffary, it would liave 
been better to have omitted it, and confined the demon- 
ftration, in the prefent inftance, to the equality of the 
angles above the bafe^ which is a property much mors 
generally ufeful. 

P R 6 p. 6. B o o K I. 

Tht dedionftratlon of this propofition^ in Euclid, id 
immethodical, and defedive. It is not fufficient to (hew 
that one fide is not greater than the other, but it ought^ 
alfo, to be (hewn that it is not lefs,^ before their equality 
can be fairly inferred. It is true, indeed, that either of 
the fides may be taken at pleafure, and the fame thing 
will follow ; but this obfervation (hould have been made^ 
and then the premifes, which they do not at prefent, 
would have authorized the deduftion required.' The 
fame objecSion may be made to feveral other propositions 
in the Elements. 

Prop. 
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P R O P. 7. B O O K I. 

This is the fame as Euclid's 8th propofition, but de^ 
knonftrated in a difFerent manner, in order that the pre- 
ceding one^ which is altogether ufelefs, might be omit- 
ted. Proc Lus demonfirates it in nearly the fame manner ; 
but he makes three cafes of it, when it may be done gene- 
rally in one ; for if the longeft fides, or rather thofe which 
are not fhorter than any other, be applied together, there 
can be no ambiguity in the fpecies of the triangles. 

P R o p. 8. B o o K L 

This propdfitlon is made an axiom by EuclId 5 but ?t 
Is certainly not a truth of that kind : for when two right 
iingles are folind in feparate and diflin£l Hgures, there is 
nothing in the definitions or poftulates, from which their 
tquality to each other can be fairly inferred. 

Pkop. 11. Bo OK I. 

It is not fhewn by Euclid, in his dcmonflj-ation of this 
problem, that the circle made ufe of in the conftrufiion, 
will cut the given line in two points, which as much re-^ 
quires proof as Prop. 2. Book III. which is nearly its 
converfe. For this reafon the conftruftion given in the 
text has been preferred j but in a work where the utmoft 
fcientific rigour is required, it v/ould be better to con- 
ftruSthe problem without the intervention of the circle, 
by means of right lines only, which may eafily be done. 

P R O p. 13. B O O K I. 

V' 

In the enunciation of this Prop, by Euclid, the angles 

art faid to be either eqiial to two right angles, or t02;e- 

' ' * . I thcr 


2s6 NOTES AMD 

ther equal to two right angles; but the former part of 
this feems to be unneceflary ; for In all cafes^ whether the 
angles be each of them a right angle, or not, they are 
together equal to two right angles. 

P&o p. 16. Book I. 

As the outward angle of a triangle is afterwards fhewii 
to be equal to the two inward oppofite angles, it rs mup{i 
to be wi&ed that the prefent Prop, which is only a par- 
tial cafe of the former, could be removed from the Ele- 
ments : but this cannot eafily be done ; for the following 
' propofition, and the firft relating to parallel lines, are 
not otherwife to be demonftrated. The next Prop, in 
Euclid, is, however, quite unnecefTary, as the firil plaqe 
in which it occurs is Prop. 18. B. 3, where a reference 
may be as readily made to the general propofition. 

P R o p. ig. B o o K L 

The demonftration of this propofition, as It is given 
by Euclid, is extremely defedive ; for the whole defign 
of the problem is to (hew that of three right lines, under 
certain fpecified reftridllons, a triangle may be' formed ; 
and as no ufe whatever is made of thefe reftridions, ei- 
ther in the conftruftion or demonftration, both the ar- 
guments adduced, and the conclufions derived from them, 
are entirely nugatory. This defe£l was obferved by Mr. 
Simpson, between whom and his antagonifi Dr. Smf 
SON, it occafioned feme controverfy, which drew from 
the htler fome very hafty unfcientific expreffions, not 
much comporting with the charadec of fo ftrid and lie- 
gurate a Geometrician. 
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P R O p. 28. B O O K I. 

In moft editions of Euclid, two corollaries are affixed 
to thi$ propofition, which are equally or more intricate 
than the propofition itfelf. Dr. Austin has endeavoured 
to prove that thefe, and moft of the other corollaries, to 
be found in the Elements, were not introduced by Eu- 
clid, but by fome of his commentators, or interpreters; 
and there are many reafons for believing that this opinion 
is not ill fdunded. It is generally allowed, that Euclid 
wrote a book entitled Corollaries, which were a colleftion 
of confequences deducible from his Elements ; and, there- 
fore, it is not to be imagined that they were originally 
inferted in that work ; as in that cafe it would have been 
quite unrteceflary to have publifbed them in a feparate 
performance. Befides this, the chain of reafoning is 
complete without them, as is evident from their being 
feldom referred to in any propofition. In all cafes, how- 
ever, where a ufeful truth of this kind can be readily 
deduced from a preceding demonftration, there appears 
to be no impropriety in making it a corollary. 

Prop. 31. Book I. 

This propofition, as it ftands in moft of the early 
editions, has three diftin£t cafes, which all require to be 
feparately demonftrated. Dr. Simson, by changijig the 
mode of demonftration, has reduced it to two : but by 
an obvious alteration in the enunciation of the I. 26. Eug* 
which is the fame as our 21ft, the propofition, both for 
parallelograms and triangles, might have been demon- 
ftrated generally, in one cafe only ; which, when it can 

S be 
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be done, is always to be preferred. In this part of (he 
work, alfo, feveral other alterations have been made^ the 
r^afon for which will be given in the no^s to lihe fecofid 
book. 

P R O F. 33. Boo K I. 

This propofition is fubftituted in the place qf Prop. 41, 
44, ^nd 45 of Euc. B. I. as being lefs intricate, and equally 
ufefttl in its application* One of the principal defigns of 
thefe propofitionSj is to (hew, that a parallelogram, un-- 
der certain conditions, can be formed ; 2nd as this can 
be Biore readily effe£ted by other methods, the preference 
has been given to that which appears the moft fimple# 
It may alfo be obfervcd^ that the 44th proportion of Eu- 
clid is not legally demonstrated ; for the parallelogram bf, 
which makes a part of the conftrtt£tion^ cannot be formed 
from Prop. 42, as is dire£led, being entirely a dififcrent 
cafe : and as the 45th is derived from the 44A9 H muft 
alio be liable to the £ime objedliooy 

. P R o p. 34, 35. Book L 

Thefe proportions are delivered by Euclid In a dif- 
ferent form, and ndt given till the 6th book ; but as they 
are extremely eafy, and of frequent ufe in their applica- 
tion to other proportions, in the preceding books, they 
have been here introduced as early as poifible, and de-* 
monflrated independently of the do^rine of proportion 9 
which, it is imagined, beginners will confider as an ad-* 
vantage, as they feldom arrive to fuch a proficiency, in a 
knovi/Jedge of the Elements, as to obtain clear and fittis- 
fa^ory ideas of that intricate fubjeA. 

P R O ?• 
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P R Q p. i. B O O K Hi 

tn'EvcLiD*s demonftfation of this problem^ it ougbt 
to have been proved that the lihe^ which are diredfced to 
be drawn parallel td ab^ adi^ will meet ^ach other ; of^ 
otherwife it is not certain that the fquare required can b^ 
formed. On this account, a mode of cohftru£tion has 
been here obferved, which is not liable to that obje6tion* 

P k o p. 2, 3, 4. B o o k IL 

Thefe propofitions, which are not in Euclid, may, 
i>y fome, be thought unneeeflary ; but they muft either 
■be demdnflratcd, or aflumed ; as the firft, in particular, 
is wanted in almoft every propofitiop of the fccond book 5 
and the others are frequently required in feveral parts of 
the Elements. Why they were omitted by Euclid 
does not appear ; they are certainly not axiomatical, nor 
more evident in themfelves than maoy others which he 
has fcrupuloufly demonftrated. 

Pkop. 5. Book II* 

This proportion is placed in the fecond book, for the 
purpofe of demonftrating it in a more general manner 
' than has been done by Euclid ; and in order that fome 
others^ of little importance, might be more eafily omitted. 
The demonftration depends principally upon the firft 
propofition, mentioned above j and this, among other 
inftances, is fufficient to fhew the utility of that theorem, 
and the neceffity of its being introduced into the 
]£lements« 

S a JPeqp, 


26o NOTESanh 

P R O p. 7. B O O K II. 

This theorem, which i$ not in Euclid, is gitett 
chieily on account of its application to fome of the follow-* 
ing propofitions, the demonftrations of which are, by this 
means, rendered more coneife and elegant. 

Pr o p. 13. B o o K. II. 

All the theorems in Euclid's fecond book, which re- 
late to the divifion of a line into more than two parts, arc 
here omitted, as they are commonly found tedious and 
embarraffing to beginners, and are not of any very ex- 
tenfive ufe. The prefent propofition, which is not in 
Euclid, is much more generally applicable; and this, 
together with the preceding ones, will be found fufficient 
for moft geometrical purpofes* 

Prop. 16, 19, 20 and 21. Book IL 

Thefe propofitions, though not in Euclid, are fre- 
quently wanted, particularly the ifl, 2d, and 3d, which 
are, alfo, equally remarkable both for their elegance and 
utility. 

Prop. I. Book III. 

It is properly obferved by Dr. Simson, in his notes 
upon this book, that the objeflions which have been 
ufually made againft the indiredt method of proof, 
ufed in this and feveral other propofitions in the Ele- 
. ments, are injudicious and ill founded ; as it is obvious 
to every one, who has duly confidered the fubjeS, that 
there arc many things wliich cannot be proved in any 
' ■ ■ • other 
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other way. There is, however, a real defefl: in the de- 
nsonftration of this propofition, that efcaped his notice ; 
which is, that the (i(^itious centre, or point g, may be 
tgken in the line ec ; and in this cafe the denionftration 
given by Euclid will not hold. 

P R o p. 4, Book III. . 

This propofition is the fame as the gth of Euclid, 
Book III. but demonftrated in a manner which it is ima-" 
gined will appear fomething more cltar and fatisfaftory," 
at leaft to beginners. According to his method the pro- 
pofition admits of feveral cafes ; and in that which he h^^ ' 
chofeii as a general one, the fiditious centre, or point £, ' 
is fo^aken, that the proof would be exaftly the fame for 
tyro equal right linos as for three, which is a mahlfeft ^ 
imperfoStion. 


t . ^ • ^ t 


Prop. 5. Book III. 

EutLiD has given this theorem in his 3d Book, in the 
form of a definition ; which is the more remarkable, as 
he appears, in feveral parts of the Elements, to ^be well 
aware, that the equality of no two figures can be admitted * 
but from the teft which he has laid down in the 8th - 
^ixiorn. 

P R o p. 6, 7. Book III, • 

Tbefe theorems arc, in fubftartce, the (kme as Eu- * 
cjlid's, but differently enunciated, in order to accom-- 
modate beginners, who are generally embarraifed w4th • 
the aukwardnefs of the figures, and the two (idlitious^ 
centres in the laft propofition 5 the latter of which are * 

S 3 here 
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here avoided; It may alfo be obfervcd that the demoi)^ 
ftratipns of thefe propoiitions are not ftridly fcieiitific 9 
fince, for aught (hat appears to the contrary^ th^ circle^ 
may touch each other in more points than one, in which 
(trafe the proof be has given would be nugatory. To 
avoid this, the fucceeding prppofition fhpuld have been 
placed prior in order to the prefent ones^ and ^cfpon- 
ftrated independently of them ; wh^ch, however^ cannot 
eafily be done. For tbis reafon, and to avoid as much as 
poifiible all tbeorenfs which are qtli,er¥i^i(e of little impor- 
tance, (h^ touching of fhe circles in one poiift only, ha9 
bjBen hpre inferred from th^ d^finitipo. A fimilar objec-r 
tion n^ay, ]ikpwife» be made again(( this 5th, 6th9 and lotb 
theorern,s0f£T^c^iD, BookllL; the laft of which ibould 
k9.v^. been dj^mon^rated firft ; for, f» they now ftandi 
feveral things which require proQf,-as much a| the projio« 
^itlons tbemfelyes^ are takep for granted, 

« 

. Pap p, 10. Boo ic III, 

In ^is prqpofitipn, no Mention is made of the cornU 
cular angle^ or that which is . fvippofed to be formed by 
|:he circumference and taugent9 at ^he point of contad $ 
af it is of no life whatever jn Geometry, and ought never 
to have been admitted into thp Elements, Pr. Sim.$on 
fufpefts, wi^h YiETA, that it is an interpolation, and on 
that account has properly rejefted it j but thisre are ttijl 
fom^ particulars, in his enunciation of this proportion, 
which appear to be equally unneceffary. The theorem 
is» therefore, here propofed in as Ample a manner a^ 
poi&ble, and reftrided to that cafe which moft fr^qqently 


p<pcur$. 
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P R o p. 14. Book III. 

In Euclid's demonftration of tlic fecond cafe, of this 
theorem, the following propofition has been taken for 
graced, viz. *^ If one magnitude be double of another, 
and a part taken from the firft, be double of a part taken 
from the fecond^ the remainder of the firft will be double 
the remainder of the fecond." But as this afTumption, 
-which has hitherto been tacitly acqwefced in, is not de^' 
rived from the axioms, or any thing which has been pre- 
vioufly demonftrated, it is certainly improper, and i4n« 
Juftifiable. In order, therefore, to render the deraon^ 
flration of this cafe more ftri£): and fcientlfic, it is here 
given in a different manner, which is equally eafy witi\ 
the former, and not liable to the fame obje£lion^ 

P.R o p. 15. . Book lit. 

Dr» AusTiif in his examination of the.firft fix books 
of the Elements, is of opinion that the fecond cafe of thi6 
propofition, which has been added by Dr, Simson, an4 
other ntodern Editors, is unneceflary. " The former 
propofition, he obferves, is general; and, therefore, it is 
immaterial, whether the part of the cinjumference upon 
.lili^ich the angles at the centre and circumference ftand, 
be greater or lefs than a femicircle." But this obferya.- 
.tion is foreign to the purpofe j for as the arc which fub- 
tends an angle at the centre, muft always be lefs than a 
femicircle, nq fuch angle can be introduced into the con- 
ftru£lion of tbj|5 cafe j and therefore the demonftration 
of it muft rteceffarily bq obteincd in fome way diflFercnt 
from tl^ former. 

. u i S 4, Prop. 
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Prop. i8, 19. Book III. 

The firft of thefe propofitions is the fame in effeft as 
the 25th of Euclid, Book III, but fomething more 
limple, being demonftrated generally in one cafe. The 
other is the converfe of our 17th, or Euclid's 22d, 
which he has omitted, but for what reafon does not ap- 
pear, as it is of frequent uie in its application. 

Prop. 20. Book III. 

This propofition differs from the 24th of Euclid, 
Book III. only in the enunciation, which was done to 
avoid the neceffity of defining fimilar fegments of circles. 
For as this definition, which is nothing more than Eu- 
clid's 2ifl propofition, in another form, cannot poffibly 
be underftood, till it is (hewn that all angles in the fame 
fegment are equ^l to each other, it is altogether ufelefs, 
and contrary to the nature of a definition,' which requires 
that it (hould be exprefTed in fuch terms, and derived from 
fuch properties as are fimple and obvious. 

Prop. 27, 28, 29. Book III, 

The demonftrations of thefe propofitions are confined 
to one cafe, which, though it does not include every poffi- 
ble pofition of the lines, will, it is conceived, be thought 
fufttciently general. Euclid, in this inftance, is much 
more particular 5 having fcrupuloufly demonftrated cafes 
of lefs moment than many others in the Elements which 
are taken for granted^ And the fame want of uniformity 
may be obferved in feveral other propofitions, with refpe6t 
to the ftridnefs or laxity of their demonftrations. 

Prop, 
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Prop. 3, Book IV. 

Dr. Simson in his note upon Euclid, Prop. 5, B. 4, 
obferves ",.that the demonftration of this problem, has 
been fpoiled by fome unfkilful hand. For he does not 
demonftrate, as is neceflary, that the two ftraight lines, 
which hik£k the fides of the triangle, at right angles, 
muft meet one another." After which, it appears fome- 
thing Angular, that this able Geometrician fliould not per- • 
ceive that a fimilar 9miffion had been made in the de« 
monftratipn of the 3d, and feveral other propofitions of 
i this book ; in which the neceffity of proving that certain 
lines will meet each other is equally obvious. In all thefe 
cafes, therefore, that part of the demonftration is now 
fupplicd, and the different folutions, by that means, ren<^ 
4ered more complete. 

Prop. 10. Book IV. 

This propofition has been purpofely altered from Eu^ 
CLID, in order to render the conftruftion of the following 
one more pra£lical and flmple. It is now, alfo, properly 
limited, which Euclid's is not ; for according to his 
enunciation of the problem, an infinite number of trian- 
gles may be formed, which will anfwer the conditions 
required. The fame objedion is likewife applicable to 
feveral other propofitions in the Elements; and though 
it may, to fome, appear trifling, it is certainly a de- 
parture from that ftri£lnefs and precifion which, in a 
wprk of this nature, are generally confidered as eflential 
requifites. Anmftance of this kind occurs even in the 
2d Prop, of B. I. which, however, is not fo eafily re-^ 
n)edied. 

Prop, 
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Prop. ii. B^ok IV.. 

Spm? of the Gommentetors-faave obferved, that EtJ« 
clid's method of infcribing a pentagon in 'a circle, is 
much lefs fimple and elegant thafi that of Ptolemy in 
tbe ifi Book of his Almageflr; afid for that reafon think, 
i^ ought to have been given in the Elements. Whikir 
others maintain that the demonftration of Ptolemy 'si 
conftrudibn depends wholly on the 1 3th Book, and that, 
therefore, if Euclid hai known it, he eould not have 
inferted ft in the prdfent Book • the qfiaterials for it not 
being yet prepared. This, however, is not true ; for it 
has been clearly fliewn by the author, iii a periodical 
publication for the year 1786, that the truth of this con* 
ftruclipa may be proved by means of the firft three Book$ 
of the Elements only \ but the reafon why it has not been 
given in the text is, that the demondration, being fome-. 
thing more intricate, might not have been fo readily com* 
prehended by beginners, for whofe wfe this work is prinr* 
cipaily defigned. 

\ 

Def, y. Book V. 

This definition, which is the fame in efFe£l: af that 
given by Euclid, has been the occafion of much con- 
^roverfy and difpute among Mathematicians ; many of 
them thinking it foreign to the purpofe, and others too 
difficult and obfcujre to be made the leading jprincjple of a 
dodlrine fo ufeful and neceflary as that of proportion. 
But, from a mature cpnfideration of the fubjefl:, it is fuffi- 
ciently evident that no other definition, equally applicable 
and general, could have been given y an^, therefore, the 
^5 iiecefiity 
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^ecefiity of the cafe required that ttie prefent one Ihould 
be adopted in preference »to all others. 

That it is not fo fimple and evident as that which may 
be given of numbers, or commenfurable magnitudes, 
pannot be denied ; but this arifes from the nature of the 
iiibjeft, and is not to be avoided. There are fome pro- 
portional magnitudes, fuch, for inftai^ce, as the fide of a 
fquare and its diagonal, which have no common meafure, 
and confequently cannot be defined by that means. Some 
other definition was, therefore, to be found, whjch would 
hold in this, and all other cafes, without exception j and 
as'the one in queftion anfwers thefe conditions, and is, at 
the fame time, equally commodious in pradtice, nothing^ 
ferther can be expe£led. 

In order, howeyer, to accommodate learners, who are 
feldom able to comprehend Euclid's 5th Book, fuch 
alterations have been made iq this part pf the work, a3 it 
is prefumed will render it much more clear and intel-^ 
ligible. Among others, the definition above-mentioned 
is more ponci&ly enunciated ; by which it is made to ap-^ 
pear lefs intricate and involved ; and confequently may be 
more eafily remembered and applied. Every thing whicl^ 
Relates to greater and lefs ration, is alfo rejedied, as being 
pbfcure and unneceflary. And as brevity was here thought 
particularly requifite, fuch propofitions pnly have been 
introduced, as are pbvioufly ufeful ; the' reft being con- 
sidered as impediments in the way of the leirner, and, fo|r 
^hat reafon, unfit for an elementary performance, who(^ 
principal aim flxould be clearnefs and perfpicuity. 

For a farther account of the doSrine of ratios, as de^ 
|}vefe4 by Epci^jD, the reader preferred to the 7th an4 
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8th of Dr. Barrow's Mathematical LeSures, where 
the ufual obje£lions which are made to this method are 
fully refuted/ 

P R o p. 2. B o o K V. 

This Prop, is the fame as the Cpr. to Euclid's 2d 
Prop, of Book V,- which Dr. Sim son has marked with 
inverted commas, as being unneceffary. But, whoever 
cohfiders this Book with attention, will obferve, that the 
corollary is much more ufeful and general than the pro* 
podtion. It is, indeed, Ari£Uy fpeaking, no corollary to the 
propofition in queftion, and for that reafon is properly 
enough difcarded ; but it would have been much better to 
have ft ruck out the propofition, and fubftituted the coroU 
lary in its place. 

P R o p. 4. B O O K V, 

This propofition, which is required in the 'demonftra-*r 
tion of feme of the following ones, is not exprefly enun- 
ciated by Euclid, being introduced into the demon- 
ftration of his 8th propofition, without any farther no- 
tice. But as it is a diilincl theorem, the truth of which 
is much lefs obvious than that of feveral others in this 
Book, it ought to have been feparately demonftrated 5 
and particularly as it is of confiderable ufe ip its appli- 
cation. 

Prop. 16, 17. Book V. 

It has been properly obferved, by Mr. Simpson, that 
the manner in which the compofition and divifion of 
ratios is treated of by Euclid,, is defciS^.ive, as not being 
iufficiently general. It is alfo commonly found very 

abltrufe 
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abftrufe and- embarraffing to beginners, on account of 
the complicated terms in which it is enunciated, and thei 
number of cafes to be feparately demonftrated. For thefe 
reafons, it was deemed neceffary to give the propofitions 
a more fimple and general form, and to render the de- 
monftrations of them as concife and petfpicuous as pofii- 
ble. The 17th, in ftriftnefs, has two diftinft cafes; but 
as thcfecond differs from the firft only by inverting the 
terms, it was judged fufRcient to mention it in a 
Scholium. ( 

D EF. I. Book VL 

Dr. Austin objects to this definition, becaufe it does 
not yet appear that any rectilineal figures can have their 
angles equal, each to each, and the fides about them pro- 
portional. He would therefore define fimilar triangles 
firft, which may be done only from the equality of their 
angles; and after this to cdl thofe. fimilar rectilineal 
figures, of more than three fides, which confift of an equal 

• 

number of fimilar triangles, fimilarly fituated. This is 
no doubt an alteration which might prove advantageous. 
to learners ; but as it appears illogical, and contrary to 
the method made ufe of in other cafes of a like nature, 
the original definition was thought preferable. 

Prop. 12, 13, 16, 17. Book VI. 

Several alterations have been made in the demonftra- 
tions of thefe propofitions, as they were given by Eu- 
clid, with the view of rendering them more fimple and 
eafy ; but as they arc in general fuch as may be readily dif- 
covered by infpeftion, or by comparing the theorems with 
thofe in theElements, it will be unneceffary to point them 

out to the reader. 

Prop. 
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Prop, ig, 20, 22, 23. Book VL 

Thefe propoiitions are not in Euclid, though their 
utility and elegance certainly entitled them to a place in 
the Elements. The latter, in particular, may fupply the 
place of the 27th, 28th, and 29th of Euclid ^ which 
are certainly very aukward proportions, and are ieldom 
well underftood by beginners. The ufe which was made 
of them by fome of the ancient Geometers, has been urged 
as a fu£Ecient reafon why they ought to be retained in the 
Elements ; but, upon this principle, numberlefs other pro- 
poiitions might be inierted, which would fwell this com- 
pendious and beautiful fyftem into a large volome ; and 
make it appear more like a common place book than a 
fimple regular performance, judicioufly arranged in all its 
parts, and difplaying only the firft and moft important 
principles of the fcience. 

Prop. 25, 26, 27. Book VL 

Thefe elegant and ufeful theorems were not originally 
in Euclid ; but have been inferted m fome of the late 
editions, by Dr. Simson and other writers. Mr. Simp^ 
son has- given them in the third book of his Elements, 
and demonftrated them independently of proportion ; which 
he conceives to be an alteration much for the better : but 
this will fcarcely be allowed, when it is coitfidered that 
be was obliged to introduce a new ttieorem for this pur- 
pofe, manifeftly derived froiii the principles laid down in 
the 5th Book; and that the advantages atterxiing this 
method, are entirely defiroyed by a forced and unnatural 
arrangement* 

Pr o ?• 
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Prop. 2. Booic VII. 

Dr. Sihcsoif, in his notes upon this proportion, ob- 
(erveS) that the enunciation of it^ in moft editions, has 
been changed and vitiated, by its being propofed to ibew 
that every part of a triangle is in the fame plane, inftead 
©f the way in which jt now ftands j as the property here 
alluded to is faid to be contained in the definition of a tri* 
angle, and is coAftantly taken for gr^tnted in e^very part of 
the firft fix books* But he did not perceive that a fimilar 
objedion might be made to the preceding propofition ; in 
which it is proved that one part of a right line cannot be 
in a plane, and another part above it ; this being, in like 
manner, a neceflary confequence of the definrtiom he has 
given of a plane^ or rather the very property from which 
it is derived. 

Prop. 3. Book VII. 

The demonftration of this theorem, which is new, and 
more concife than that given by Euclid, is derived from 
a property^ of the ifofceles triangle, not mentioned in the 
Elements, but which is found of confiderable ufe in its 
application to other propofitions. Several other altera- 
tions have alfo been made in different parts of this book, 
of which, as they ^ill be readily difcovered by thofe who 
are verfed in the fubjecS, any farther account is tin- 
neceflary. 

Book VIIL 

'i^he method here followed, of treating the folidr. Is not 
materially different from that which has been employed 

by 
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by other writers upon the like occafion ; but the propo- 
iltions. It is prefumed, will be found much better ar- 
ranged, and the fubjeft rendered more eafy and familiar 
than has hitherto been done. The author however, is 
well aware that it is liable to critical obje£(ions ; 
and had it not been incompatible with the plan 
of the performance, he certainly would have given it a 
more fcientific form ; which even from the fimple prin- 
ciples here employed, might eafily have been done. But 
as the advantages attending the prefent mode of demon- 
firation, efpecially to learners, appeared fuperior to every 
other confideration, it was ada{)ted in preference to that 
of Euclid; which, though more accurate, is frequently 
found to be tedious and obfcure. r? n ^ -^ 

-* ♦ i 1 : 


FINIS. ^.'^ :• 




Publiflied by the fame Author. 

I. The Scholar'* Guide to Ahithmetic, 3th Ed. Pr. as. 
c. An Introduction to Mensuration and Practi- 
cal Geometry, 2d Ed. Pr. 3s. 

3. An Introduction to Algebra, 2d Ed. Pr. 3s. 

4. An Introduction to Astronomy, 2d Ed. Pr. 8s. 

♦• 

Printed for J. Johnson, N^ 71, St. PauPs Church-Yard. 


■H- 


/ • 



r 



r 

i 


»■< 




n 

n 


1 





